Design of transfers from Earth-Moon L 1/L2 libration point orbits to a destination object by Kakoi, Masaki
Purdue University
Purdue e-Pubs
Open Access Dissertations Theses and Dissertations
Spring 2015
Design of transfers from Earth-Moon L 1/L2
libration point orbits to a destination object
Masaki Kakoi
Purdue University
Follow this and additional works at: https://docs.lib.purdue.edu/open_access_dissertations
Part of the Aerospace Engineering Commons
This document has been made available through Purdue e-Pubs, a service of the Purdue University Libraries. Please contact epubs@purdue.edu for
additional information.
Recommended Citation
Kakoi, Masaki, "Design of transfers from Earth-Moon L 1/L2 libration point orbits to a destination object" (2015). Open Access
Dissertations. 482.
https://docs.lib.purdue.edu/open_access_dissertations/482





This is to certify that the thesis/dissertation prepared
By
Entitled
For the degree of
Is approved by the final examining committee:
To the best of my knowledge and as understood by the student in the Thesis/Dissertation 
Agreement, Publication Delay, and Certification Disclaimer (Graduate School Form 32), 
this thesis/dissertation adheres to the provisions of Purdue University’s “Policy of 
Integrity in Research” and the use of copyright material.
Approved by Major Professor(s):
Approved by:
             Head of the Departmental Graduate Program           Date
Masaki Kakoi









DESIGN OF TRANSFERS FROM EARTH-MOON L1/L2 LIBRATION POINT
ORBITS TO A DESTINATION OBJECT
A Dissertation





In Partial Fulfillment of the










My life has been a great journey. I cannot thank enough to my parents Masahiro
and Kayoko for their continuous support. This journey wouldn’t have started without
them. I would like to thank my siblings Hiroki, Mayumi, and Fukumi for their
patience and kindness. This journey wouldn’t have been the same without them. I
would like to thank my wife Lucia for her love and support. This journey won’t be
complete without her.
I would like to thank Prof. Howell for her patience and guidance. She has had a
great influence on my life path. I had a great journey as her student. I would have
been lost in space forever without her guidance, navigation, and control. Thank you
very much for the priceless experience. Also, I would like to thank my committee
members, Prof. Bajaj, Prof. Corless, and Prof. Longuski, for their support and
advise.
I would like to thank the past, current, and future research group members. We
have such talented, diverse, and great people in this group. In addition, I would like
to thank friends all over the world. I feel very lucky to have such great friends.
I couldn’t have continued my graduate study without the support of the School of
Aeronautics and Astronautics and the School of Engineering Education. Thank you
very much for supporting me in many ways.




LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi
LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix
ABBREVIATIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii
ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiv
1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Research Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Previous Contributions . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Overview of Present Work . . . . . . . . . . . . . . . . . . . . . . . 4
2 BACKGROUND . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.1 Circular Restricted Three-Body Problem (CR3BP) . . . . . . . . . 7
2.2 Jacobi’s Integral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.3 Libration Points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.4 Periodic Orbits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.5 Linear Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.5.1 State Transition Matrix (STM) . . . . . . . . . . . . . . . . 14
2.6 Differential Corrections . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.7 Stable and Unstable Manifolds: Equilibrium Points . . . . . . . . . 20
2.8 Stable and Unstable Manifolds: Periodic Orbits . . . . . . . . . . . 22
2.9 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.9.1 Blending CR3BPs: Four-Body Problem . . . . . . . . . . . . 28
2.9.2 Blending CR3BP and Ephemeris Model: Four-Body Problem 30
2.9.3 Blending Model: Five-Body Problem . . . . . . . . . . . . . 31
2.10 Multiple Shooting . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
3 MANEUVER-FREE TRANSFERS BETWEEN EARTH-MOON AND SUN-
EARTH SYSTEMS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.1 Hyperplane and Reference Frame . . . . . . . . . . . . . . . . . . . 36
3.2 Phase Plots to Establish Orientation of Earth-Moon System . . . . 37
3.3 Guidelines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4 TRANSFERS TO MARS . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.1 Dynamical Model for Transfers to Mars . . . . . . . . . . . . . . . . 47
4.1.1 Influence of Mars Orbit Eccentricity on the Design Process . 47
4.1.2 Influence of Mars Gravitational Force on the Design Process 49
v
Page
4.2 Transfer Scenarios . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.2.1 Transfers via Sun-Earth Manifolds . . . . . . . . . . . . . . 51
4.2.2 Transfers via Earth-Moon Manifolds . . . . . . . . . . . . . 53
4.2.3 Direct Transfers . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.2.4 Transfers with Lunar Flyby . . . . . . . . . . . . . . . . . . 68
4.2.5 Transition to Higher-Fidelity Model . . . . . . . . . . . . . . 72
5 TRANSFERS TO JUPITER . . . . . . . . . . . . . . . . . . . . . . . . . 75
5.1 Model for Transfers to Jupiter . . . . . . . . . . . . . . . . . . . . . 75
5.2 Transfer Scenarios . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
5.2.1 Transfers via Sun-Earth Manifolds . . . . . . . . . . . . . . 76
5.2.2 Transfers via Earth-Moon Manifolds . . . . . . . . . . . . . 78
5.2.3 Direct Transfers . . . . . . . . . . . . . . . . . . . . . . . . . 84
5.2.4 Transfers with Lunar Flyby . . . . . . . . . . . . . . . . . . 88
5.2.5 Transition to Higher-Fidelity Model . . . . . . . . . . . . . . 92
6 TRANSFER OPTIONS TO ASTEROID: 2006RH120 . . . . . . . . . . . 95
6.1 Transfers to Small Bodies . . . . . . . . . . . . . . . . . . . . . . . 95
6.2 2006RH120 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
6.3 Transfer Scenarios . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
6.3.1 Transfers via Sun-Earth Manifolds . . . . . . . . . . . . . . 98
6.3.2 Transfers via Earth-Moon Manifolds . . . . . . . . . . . . . 103
6.3.3 Direct Transfers . . . . . . . . . . . . . . . . . . . . . . . . . 110
6.3.4 Transfers with Lunar Flyby . . . . . . . . . . . . . . . . . . 113
6.3.5 Transition to Higher-Fidelity Model . . . . . . . . . . . . . . 117
7 SUMMARY, CONCLUDING REMARKS, AND RECOMMENDATIONS 120
7.1 Development of a System Model . . . . . . . . . . . . . . . . . . . . 120
7.2 Maneuver-Free Transfers between the Earth-Moon System and the
Sun-Earth System . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
7.3 Transfer Scenarios: Manifold and Non-Manifold Options . . . . . . 121
7.4 Development of General Procedures . . . . . . . . . . . . . . . . . . 122
7.5 Transition to a Higher-Fidelity Model . . . . . . . . . . . . . . . . . 123
7.6 Recommendations for Future Considerations . . . . . . . . . . . . . 124
REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126




3.1 Sample Results for EM-SE Transfers . . . . . . . . . . . . . . . . . . . 44
4.1 Sun-Earth Manifold Transfer . . . . . . . . . . . . . . . . . . . . . . . 53
4.2 Earth-Moon Manifold Exterior Transfers: EMAz = 25,000 km; Leg 1 is
from the departure from EM halo to ∆V1. Leg 2 is from ∆V1 to ∆V2. Leg
3 is from ∆V2 to ∆V3. . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.3 Earth-Moon Manifold Interior Transfer: EMAz = 25,000 km; Leg 1 is
from the departure from EM halo to ∆V1. Leg 2 is from ∆V1 to ∆V2. Leg
3 is from ∆V2 to ∆V3. Leg 4 is from ∆V3 to ∆V4. . . . . . . . . . . . . 63
4.4 Direct Transfers: EMAz = 25,000 km; Leg 1 is from the departure from
EM halo to the Earth flyby. Leg 2 is from the Earth flyby to ∆V3. Leg 3
is from ∆V3 to Mars. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
4.5 EML2 Manifold Transfers with Lunar Flyby: EMAz = 5,000 km; Leg 1
is from the departure from EML2 to the Earth flyby. Leg 2 is from the
Earth flyby to ∆V3. Leg 3 is from ∆V3 to Mars. . . . . . . . . . . . . . 69
4.6 L1 and L2 Direct Transfers with Lunar Flyby: EMAz = 25,000 km; Leg 1
is from the departure from EM halo to the lunar flyby. Leg 2 is from the
lunar flyby to the Earth flyby. Leg 3 is from the Earth flyby to ∆V4. Leg
4 is from ∆V4 to Mars. . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
4.7 Comparison of Results, Blended Model and Ephemeris: EMAz for the
ephemeris case is the mean of maximum Az values of the quasi-halo orbit.
(*: direct case with an additional maneuver) . . . . . . . . . . . . . . . 73
5.1 Sun-Earth Manifold Transfer: Leg 1 is from the departure from EM halo
to ∆V1. Leg 2 is from ∆V1 to ∆V2. . . . . . . . . . . . . . . . . . . . . 78
5.2 Earth-Moon Manifold Exterior Transfers: EMAz = 25,000 km; Leg 1 is
from the departure from EM halo to ∆V1. Leg 2 is from ∆V1 to ∆V2. Leg
3 is from ∆V2 to ∆V3. . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
5.3 Earth-Moon Manifold Interior Transfer: EMAz = 25,000 km; Leg 1 is
from the departure from EM halo to ∆V1. Leg 2 is from ∆V1 to ∆V2. Leg
3 is from ∆V2 to ∆V3. Leg 4 is from ∆V3 to ∆V4. . . . . . . . . . . . . 83
vii
Table Page
5.4 Direct Transfers: EMAz = 25,000 km; Leg 1 is from the departure from
EM halo to the Earth flyby. Leg 2 is from the Earth flyby to ∆V3. Leg 3
is from ∆V3 to Jupiter. . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
5.5 EML2 Manifold Transfers with Lunar Flyby: EMAz = 5,000 km; Leg 1
is from the departure from EML2 to the Earth flyby. Leg 2 is from the
Earth flyby to ∆V3. Leg 3 is from ∆V3 to Jupiter. . . . . . . . . . . . . 89
5.6 L1 and L2 Direct Transfers with Lunar Flyby: EMAz = 25,000 km; Leg 1
is from the departure from EM halo to the lunar flyby. Leg 2 is from the
lunar flyby to the Earth flyby. Leg 3 is from the Earth flyby to ∆V4. Leg
4 is from ∆V4 to Jupiter. . . . . . . . . . . . . . . . . . . . . . . . . . . 91
5.7 Comparison of Results, Blended Model and Ephemeris: EMAz for the
ephemeris case is the mean of maximum Az values of the quasi-halo orbit.
(*: direct case with an additional maneuver) . . . . . . . . . . . . . . . 93
6.1 Osculating Keplerian Elements of 2006RH120: Date on March 14 2012 in
heliocentric ecliptic J2000 frame . . . . . . . . . . . . . . . . . . . . . . 96
6.2 Sample Conditions for Maneuver-Free Transfer from Earth-Moon L2 Halo
Orbit to Sun-Earth L1 Halo Orbit . . . . . . . . . . . . . . . . . . . . . 101
6.3 Sun-Earth Manifold Transfer: EMAz = 25,000 km; Leg 1 is from the
departure from EM halo to ∆V1. Leg 2 is from ∆V1 to ∆V2. Leg 3 is from
∆V2 to 2006RH120. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
6.4 Earth-Moon Manifold Exterior Transfers: EMAz = 25,000 km; Leg 1 is
from the departure from EM halo to ∆V1. Leg 2 is from ∆V1 to ∆V2. . 108
6.5 Earth-Moon Manifold Interior Transfer: EMAz = 25,000 km; Leg 1 is
from the departure from EM halo to ∆V1. Leg 2 is from ∆V1 to ∆V2. Leg
3 is from ∆V2 to ∆V3. Leg 4 is from ∆V3 to ∆V4. Leg 5 is from ∆V4 to
∆V5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
6.6 Earth-Moon L2 Direct and L1 Direct Transfers: EMAz = 25,000 km; Leg
1 is from the departure from EM halo to Earth flyby. Leg 2 is from Earth
flyby to ∆V3. Leg 3 is from ∆V3 to ∆V4. Leg 4 is from ∆V4 to 2006RH120. 112
6.7 EML2 Manifold Transfers with Lunar Flyby: EMAz = 5,000 km; Leg 1
is from the departure from EML2 to the Earth flyby. Leg 2 is from the
Earth flyby to ∆V3. Leg 3 is from ∆V3 to ∆V4. Leg 4 is from ∆V4 to
2006RH120. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
viii
Table Page
6.8 L1 and L2 Direct Transfers with Lunar Flyby: EMAz = 25,000 km; Leg 1
is from the departure from EM halo to the lunar flyby. Leg 2 is from the
lunar flyby to the Earth flyby. Leg 3 is from the Earth flyby to ∆V4. Leg
4 is from ∆V4 to ∆V5. Leg 5 is from ∆V5 to 2006RH120. . . . . . . . . 116
6.9 Comparison of Results, Blended Model and Ephemeris: EMAz for the
ephemeris case is the mean of maximum Az values of the quasi-halo orbit.




2.1 Formulation of the Circular Restricted Three-Body Problem . . . . . . 8
2.2 Libration Points (not to scale) . . . . . . . . . . . . . . . . . . . . . . . 11
2.3 Lyapunov Orbit: Earth-Moon System, Ay = 58,800 km . . . . . . . . . 13
2.4 Halo Orbit: Earth-Moon System, Az = 15,100 km, Ay = 38,850 km . . 13
2.5 Differential Corrections . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.6 Stable and Unstable Manifolds Near a Hyperbolic Equilibrium Point . 23
2.7 Sun-Earth Stable and Unstable Manifolds Near L2; Az = 130,300 km . 27
2.8 “Tag” Numbers for Selected Points on Sun-Earth Halo Orbit Near L2; Az
= 130,300 km . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.9 Sun-Earth Unstable Manifold Tube Near L2; Az = 130,300 km . . . . . 28
2.10 Angle Definitions in the Three-Dimensional Model . . . . . . . . . . . . 30
2.11 Illustration of Multiple Shooting . . . . . . . . . . . . . . . . . . . . . . 32
3.1 Definition of ψ: It is measured from the SE x-axis in the counter-clockwise
direction (The default value for ψ is negative and ψ < 0 in the figure). 37
3.2 Definition of Az: An Earth-Moon halo orbit projected onto the Earth-
Moon x-z plane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.3 Conditions for Maneuver-Free Transfers from EM halo orbits to SE halo
orbits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.4 Selected Phase Plots at Hyperplane: Blue and red curves are projections
of stable SE and unstable EM manifold trajectories, respectively, in the
SE view. Black circles highlight the EM manifold trajectory with the SE
Jacobi constant value. . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.5 Phase Plots as Trajectory Design Tools: Blue and red curves are projec-
tions of stable SE and unstable EM manifolds. Black circles highlight the
location, along the EM manifold, with the SE Jacobi constant value. The
arrow indicates the direction in which the red curve shifts. . . . . . . . 43
3.6 Phase Plots for Earth-Moon L2 Halo Orbit to Sun-Earth L2 Halo Orbit
Transfer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
x
Figure Page
3.7 Transfer from Earth-Moon L2 Halo orbit to Sun-Earth L2 Halo Orbit:
EMAz = 25,000 km, SEAz = 163,200 km, ψ = -70 deg. A trajectory
propagated from the phase plots’ conditions is in black. Arrows indicate
the direction of flow. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.8 Various Transfers between an Earth-Moon L2 Halo orbit and Sun-Earth
L1/L2 Halo Orbit: EMAz = 25,000 km: unstable manifold trajectories in
red, stable manifold trajectories in blue. Arrows indicate the direction of
flow. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.1 Comparison of Ephemeris and Circular Mars Orbits in the Sun-Earth Ro-
tating Frame . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.2 Comparison of Trajectories with/without Mars’ Gravitational Force: In
the Sun-Mars rotating frame . . . . . . . . . . . . . . . . . . . . . . . . 50
4.3 Comparison of Trajectories with/without Mars’ Gravitational Force: Zoomed-
in view in the Sun-Mars rotating frame . . . . . . . . . . . . . . . . . . 51
4.4 Transfer from Earth-Moon L2 to Mars via Sun-Earth Manifold: EMAz =
25,000 km, SEAz = 163,200 km, ψ = -70 deg . . . . . . . . . . . . . . 54
4.5 Earth-Moon Manifolds in Sun-Earth Frame: ψ = −95◦, α = β = 0◦ . . 55
4.6 Definition of κ: Perigee location . . . . . . . . . . . . . . . . . . . . . . 56
4.7 Perigee Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.8 Earth-Moon Manifold Transfer from Earth-Moon L2: Views near the
Earth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
4.9 Earth-Moon Manifold Transfer from Earth-Moon L2: The location of the
third maneuver is indicated by ∆V3. . . . . . . . . . . . . . . . . . . . 59
4.10 Earth-Moon L1 Manifold Exterior Transfer from Earth-Moon L1: Unsta-
ble manifold trajectories propagated towards the exterior region . . . . 60
4.11 Earth-Moon L1 Manifold Interior Transfer from Earth-Moon L1: An un-
stable manifold trajectory propagated towards the interior region . . . 61
4.12 Direct Transfer from Earth-Moon L2: ∆V is applied to leave a halo orbit. 65
4.13 Direct Transfer from Earth-Moon L2: Two additional ∆V s are applied to
reach Mars. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
4.14 Direct Transfer from Earth-Moon L1: ∆V is applied to leave a halo orbit. 66
4.15 Transfer with Lunar Flyby from Earth-Moon L2: ∆V1 is applied at a
perilune. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
xi
Figure Page
4.16 Transfer with Lunar Flyby from Earth-Moon L2: ∆V1 is applied to leave
a halo orbit. ∆V2 is applied at a perilune. . . . . . . . . . . . . . . . . 70
4.17 Transfer with Lunar Flyby from Earth-Moon L1: ∆V1 is applied to leave
a halo orbit. ∆V2 is applied at a perilune. . . . . . . . . . . . . . . . . 70
4.18 Direct Transfer with a Lunar Flyby from EML1 Halo Orbit: EMAz =
25, 000 km. The departure date is December 9, 2028. The trajectory in
the ephemeris model is plotted in magenta. . . . . . . . . . . . . . . . . 74
5.1 Transfer from Earth-Moon L2 to Jupiter via Sun-Earth Manifold: EMAz
= 25,000 km, SEAz = 163,200 km, ψ = -70 deg . . . . . . . . . . . . . 77
5.2 Earth-Moon Manifold Exterior Transfer from Earth-Moon L2: Views near
the Earth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
5.3 Earth-Moon Manifold Exterior Transfer from Earth-Moon L2: The loca-
tion of the third maneuver is indicated by ∆V3. . . . . . . . . . . . . . 80
5.4 Earth-Moon L1 Manifold Exterior Transfer from Earth-Moon L1: Unsta-
ble manifold trajectories propagated towards the exterior region . . . . 81
5.5 Earth-Moon L1 Manifold Interior Transfer from Earth-Moon L1: An un-
stable manifold trajectory propagated towards the interior region . . . 81
5.6 Direct Transfer from Earth-Moon L2: ∆V is applied to leave a halo orbit. 85
5.7 Direct Transfer from Earth-Moon L1: ∆V is applied to leave a halo orbit. 85
5.8 Direct Transfer from Earth-Moon Halo Orbit: (a)-(b) EML1 departure,
departure date: July 16, 2023, (c)-(d) EML2 departure, departure date:
July 16, 2023 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
5.9 Transfer with Lunar Flyby from Earth-Moon L2: ∆V1 is applied at a
perilune. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
5.10 Transfer with Lunar Flyby from Earth-Moon L2: ∆V1 is applied to leave
a halo orbit. ∆V2 is applied at a perilune. . . . . . . . . . . . . . . . . 90
5.11 Transfer with Lunar Flyby from Earth-Moon L1: ∆V1 is applied to leave
a halo orbit. ∆V2 is applied at a perilune. . . . . . . . . . . . . . . . . 90
5.12 EM Manifold Interior Transfer from EML2 Halo Orbit: EMAz = 25, 000
km. The departure date is April 5, 2022. The trajectory in the ephemeris
model is plotted in magenta. . . . . . . . . . . . . . . . . . . . . . . . . 94
6.1 Orbit of 2006RH120 in Sun-Earth Rotating Frame: from January 01 2015
to December 08 2033, the direction of motion indicated by an arrow . . 97
xii
Figure Page
6.2 Orbit of 2006RH120 in Sun-Earth Rotating Frame: possible arrival win-
dow from January 01 2020 to January 01 2025 . . . . . . . . . . . . . . 100
6.3 Unstable Manifold Associated with SEL1 and SEL2 halo orbits: (a) L1
manifold paths move in counter-clockwise. L2 manifold paths move in
clockwise. (b) A zoom-in view of manifold paths near Earth . . . . . . 101
6.4 Stable Sun-Earth L1 Manifold Path: The transition point is at the apogee.
(a) x-y projection (b) x-z projection . . . . . . . . . . . . . . . . . . . 101
6.5 Transfer from Earth-Moon L2 to 2006RH120 via Sun-Earth Manifold:
EMAz = 25,000 km, SEAz = 151,100 km, ψ = 100 deg . . . . . . . . . 102
6.6 Jacobi Constant Values: EM Manifold and 2006RH120 (a) Case 1: x-y
projection of EM manifold path and 2006RH120’s orbit, (b) Case 2: x-y
projection of EM manifold path and 2006RH120’s orbit, (c) Case 1: Jacobi
constant values, (d) Case 2: Jacobi constant values . . . . . . . . . . . 106
6.7 EM Manifold Exterior Transfers (a) EML1 halo departure, (b) EML2 halo
departure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
6.8 EM Manifold Interior Transfers (a) EML1 halo departure, (b) EML2 halo
departure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
6.9 Earth-Moon Manifold Transfer from Earth-Moon L2 Halo Orbit: EMAz
at 25,000 km, EM halo orbit in cyan, EM manifold paths in red (a) x-y
projection in the EM view, (b) x-z projection in the EM view, (c) Transfer
trajectory near Earth in the SE view, (d) Whole transfer trajectory in the
SE view . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
6.10 Direct Transfer from Earth-Moon Halo Orbit: EMAz at 25,000 km, EM
halo orbits in cyan, Departure paths in gray . . . . . . . . . . . . . . . 111
6.11 Direct Transfer from Earth-Moon L2 Halo Orbit to 2006RH120: EMAz at
25,000 km, (a) Transfer trajectory near Earth (b) Whole transfer trajectory 111
6.12 Transfer with Lunar Flyby from Earth-Moon L2: ∆V1 is applied at a
perilune. The Earth-Moon manifold path is in red. . . . . . . . . . . . 114
6.13 Transfer with Lunar Flyby from Earth-Moon L2: ∆V1 is applied to leave
a halo orbit. ∆V2 is applied at a perilune. . . . . . . . . . . . . . . . . 114
6.14 Transfer with Lunar Flyby from Earth-Moon L1: ∆V1 is applied to leave
a halo orbit. ∆V2 is applied at a perilune. . . . . . . . . . . . . . . . . 115
6.15 Interior Transfer from EML2 Halo Orbit: EMAz = 25, 000 km. The de-
parture date is October 15, 2016. The trajectory in the ephemeris model
is plotted in magenta. . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
xiii
ABBREVIATIONS
CR3BP Circular Restricted 3 Body Problem
EM Earth-Moon
DST Dynamical Systems Theory
NEA Near-Earth Asteroid
SE Sun-Earth
STM State Transition Matrix
xiv
ABSTRACT
Kakoi, Masaki Ph.D., Purdue University, May 2015. Design of Transfers from Earth-
Moon L1/L2 Libration Point Orbits to a Destination Object. Major Professor:
Kathleen C. Howell.
Within the context of both manned and robotic spaceflight activities, orbits near
the Earth-Moon L1 and L2 libration points could support lunar surface operations and
serve as staging areas for future missions to near-Earth asteroids as well as Mars. In
fact, an Earth-Moon L2 libration point orbit has been proposed as a potential hub for
excursions to Mars as well as activities in support of planetary exploration. Yet, the
dynamical environment within the Earth-Moon system is complex and, consequently,
trajectory design in the vicinity of Earth-Moon L1 and L2 is nontrivial. Routine trans-
fers between an Earth-Moon L1/L2 facility and Mars also requires design strategies to
deliver trajectory arcs that are characterized by a coupling between different multi-
body gravitational environments across two-, three- and four body systems. This
investigation employs an approach to solve the general problem for transfers from
the Earth-Moon libration point orbits to a destination object. Mars, Jupiter, and a
near-Earth asteroid (2006RH120) are incorporated as sample destination objects, and
general trajectory design procedures for multiple transfer scenarios including mani-
fold and non-manifold options are developed by utilizing simplified models based on
the knowledge of the circular restricted three-body problem. Then, the solutions are




The surface of the Moon on the lunar far side has held global interest for many
years. One of the challenges in exploring the far side of the Moon is communications
from/to the Earth. Multiple satellites are required to maintain a continuous link if
a communications architecture relies only on lunar-centered orbits. Farquhar and
Breakwell suggested an unusual three-body approach in response to this challenge in
1971 [1]. This concept requires only one satellite by exploiting the characteristics of
three-dimensional halo orbits in the vicinity of the Earth-Moon L2 ( EML2) libration
point. Unfortunately, this plan was never implemented due to a shortening of the
Apollo program. However, interest in the exploration of the far side of the Moon has
recently increased, particularly in the aftermath of the successful Artemis mission [2].
In addition, a new exploration strategy has recently emerged, that is, the potential
establishment of a space station in an EML1/L2 orbit and leveraging this facility as a
hub for the exploration of the asteroids, Mars, and other solar system destinations [3].
The potential of an EML1/L2 hub for further exploration of the solar system is yet
to be investigated extensively. To examine the feasibility, mission designers require
an improved understanding of the dynamics that influence a transfer trajectory from
EML1/L2 libration point orbits to possible destination objects, and the capability to
produce such trajectories via a reasonably straightforward and efficient design process.
Analysis concerning possible trajectories from EML1/L2 orbits to Mars is explored
by applying dynamical relationships that are available as a result of formulating the
problem in terms of multiple three-body gravitational environments.
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1.1 Research Objectives
The goal of this investigation is the development of general procedures to design
trajectories from Earth-Moon halo orbits to a destination object. To formulate a
representative problem, a trajectory design procedure is developed for transfers from
Earth-Moon L2 halo orbits to Mars. Then, transfers from Earth-Moon L1 halo orbits
and transfers to other destinations are demonstrated to extend the methodology.
Thus, the following three main objectives are proposed to reach the goal:
1. Establish general trajectory design procedures to link Earth-Moon L2 halo or-
bits and Sun-Earth L1/L2 halo orbits.
2. Identify possible departure scenarios from Earth-Moon L1/L2 halo orbits to a
destination object.
3. Establish general trajectory design procedures to a destination object for each
departure scenario, and apply the results to a higher-fidelity model. Identify
possible departure dates, times-of-flight (TOF), and ∆V s for each scenario;
summarize the advantages/disadvantages for each trajectory type.
Spacecraft transferring from EML2 to Mars experience gravitational forces dominated
by the Sun, Earth, Moon, and Mars. Clearly, the ultimate model for this problem is
much more complex than the CR3BP. However, the CR3BP is a valuable conceptual
model and has been applied as a basis in four-body systems to blend two different
three-body problems, and the results have been successfully transitioned to higher-
fidelity models [4–8]. This strategy demonstrates the potential of the CR3BP to
serve as a basis for the design of trajectories in a wide range of applications. Also,
the procedures employed in four-body systems are effective to construct solutions in
five-body systems. Of course, it is expected that the application to five-body systems
is much more challenging.
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1.2 Previous Contributions
Within the last decade, interest in a mission design approach that leverages the
knowledge of dynamical systems theory (DST) has increased steadily amongst schol-
ars and trajectory designers. Howell et al. examined the application of DST within a
mission design process in the late 1990’s [9]. The knowledge was actually applied to
design the GENESIS mission trajectory, launched in 2001 [10,11]. GENESIS was the
first spacecraft for which the concept of invariant manifolds was directly applied to
develop the actual path for the vehicle [12]. The successful return of the GENESIS
spacecraft demonstrated that DST can be exploited for actual trajectory design in
multi-body environments and applied in higher-fidelity mission software. Scientific
missions such as MAP and WIND also relied upon three-body dynamics for their
successful trajectory designs in the same time frame [13, 14].
As the result of a set of successful missions, interest in DST applications to tra-
jectory design has increased and researchers have expanded their investigation to
exploit DST and better understand the dynamics in the more complex four-body
systems which consist of three gravitational bodies and one spacecraft. In the early
2000’s, Gómez et al. introduced a methodology to design transfer trajectories be-
tween two circular restricted three-body systems by exploiting invariant manifold
structures [15, 16]. They modeled a four-body system by blending two CR3BPs.
The investigations into such system-to-system transfers was originally based on a
Jupiter-moon system as well as spacecraft moving in the Sun-Earth-Moon neigh-
borhood [17–19]. But, Gómez et al. demonstrated the potential exploitation of the
CR3BP as a modeling tool to investigate four-body systems. Parker and Lo employed
the coplanar model to design three-dimensional trajectories from Low Earth Orbits
(LEO) to Earth-Moon L2 halo orbits [20]. In addition, Parker also applied DST as
a design tool to develop transfer strategies from LEO to a broad range of EM halo
orbits [8, 21, 22]. The investigation in the Sun-Earth-Moon system eventually was
extended to transfers between libration point orbits in the Sun-Earth and Earth-
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Moon systems. Howell and Kakoi introduced a model with an inclination between
the Earth-Moon and the Sun-Earth systems to design transfers between Earth-Moon
L2 halo orbits and Sun-Earth L2 halo orbits [5]. Canalias and Masdemont extended
the investigation to transfers between quasi-periodic Lissajous orbits in different sys-
tems, i.e., Earth-Moon and Sun-Earth [7]. In addition, transfer trajectory design
between Earth-Moon and Sun-Earth systems have been investigated using various
other strategies as well [4, 8, 21, 23, 24].
Dynamical systems theory has also been suggested as a design tool for inter-
planetary trajectory design [25, 26]. However, since manifolds associated with the
Sun-Earth libration point orbits do not intersect manifolds associated with other
Sun-planet systems, such as Sun-Mars or Sun-Jupiter systems, different techniques
have been developed for interplanetary transfer arcs. Alonso and Topputo et al. in-
vestigated techniques to link non-intersecting manifolds with an intermediate high
energy trajectory arc [6, 27, 28]. Nakamiya et al. analyzed maneuver strategies at
perigee and periareion for Earth-to-Mars transfers [29, 30]. As alternatives to the
high energy arcs, low-thrust arcs have also been investigated for transfers between
the two systems [23, 31–34]
The past investigations on the system-to-system transfer design strategies have
successfully contributed numerous techniques and insight in the four-body regime.
However, trajectory design from the Earth-Moon libration point orbits to interplan-
etary destinations warrants further examination.
1.3 Overview of Present Work
Previous contributors have successfully established various trajectory design strate-
gies based on system models that are constructed by blending two circular restricted
three-body problems. However, the blended models are adequate only for construct-
ing four-body systems, e.g., a Sun-Earth-Moon system and a Sun-Earth-Mars system.
In this investigation, trajectory design procedures from an Earth-Moon libration point
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orbit to a destination object are developed, and a more complex system model such as
a Sun-Earth-Moon-Mars system, i.e., a five-body system including a spacecraft, are
required. Hence, a modified blended model formation is established for constructing
five-body systems. Then, general trajectory design procedures based on the knowl-
edge of a two- and a three-body problem are developed for multiple transfer scenarios.
The development of this design process and representative examples are detailed
in the following chapters:
• Chapter 2: The basic knowledge for this investigation is summarized in this
chapter. The equations of motion for the circular restricted three-body prob-
lem are derived, and specific solutions in the problem, e.g., Jacobi’s integral,
libration points, libration point orbits, invariant manifolds, are introduced. In
addition, useful design tools such as numerical correction schemes and a blended
system model are constructed.
• Chapter 3: General guidelines to compute maneuver-free manifold-to-manifold
transfers between the Earth-Moon system and the Sun-Earth system are sum-
marized. The process is based on the information from phase plots. An angle
ψ is introduced to define a hyperplane, and a reference frame is set along the
hyperplane. Phase plots are constructed based on the reference frame. Sample
results are discussed.
• Chapter 4: Mars is a destination object. Guidelines to compute transfers from
EM libration point orbits are summarized. The design process is based on
the knowledge of two- and three-body problems. Multiple transfer scenarios
exploiting manifold and non-manifold arcs are investigated. Sample results are
transitioned to a higher-fidelity model and discussed.
• Chapter 5: Jupiter is a destination object. Guidelines to compute transfers
from EM libration point orbits are summarized. The guidelines are similar to
those for Mars transfers. They are slightly modified to adjust for the differences
in characteristics between the Mars’ orbit and Jupiter’s orbit. Multiple transfer
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scenarios exploiting manifold and non-manifold arcs are investigated as in the
previous chapter. Sample results are transitioned to a higher-fidelity model and
discussed.
• Chapter 6: The asteroid 2006RH120 is a destination object. The asteroid is a
member of near-Earth asteroids, and characteristics of the 2006RH120’s orbit
is very different from Mars’ and Jupiter’s orbits. The interior region of the
Sun-Earth system, rather than the exterior region that is explored for transfers
to Mars and Jupiter, is beneficial for transfers to 2006RH120. In comparison
to previous chapters, the same scenarios are investigated while the transfer
region is different. Sample results are transitioned to a higher-fidelity model
and discussed.
• Chapter 7: A summary of this investigation and concluding remarks are pre-
sented. In addition, recommendations for potential future work are offered.
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2. BACKGROUND
Trajectory design in five-body systems, such as those comprised of the Sun, Earth,
Moon, a destination object, and a spacecraft, is very challenging due to the complex
dynamics. Closed-form solutions to a five-body problem are not available. In fact,
only a two-body problem is known to possess a closed-form solution [35]. However,
fortunately, equilibrium points, known as libration points, libration point orbits, and
invariant manifolds are now frequently computed numerically in the CR3BP and
the structures are more apparent with the knowledge of dynamical systems theory
[9, 36, 37]. This investigation exploits the existing background from DST to reduce
the complexity of the trajectory design process in these five-body systems.
2.1 Circular Restricted Three-Body Problem (CR3BP)
A schematic of the fundamental definitions in the circular restricted three-body
problem (CR3BP) appears in Figure 2.1. Primary bodies, P1 and P2, rotate about
their mutual barycenter at a constant distance and with a constant angular velocity.
The masses of P1 and P2 are defined as m1 and m2, respectively. A massless body,
P3, moves under the gravitational influence of the primary bodies. An inertial frame
is defined by a set of three orthogonal vectors [X̂,Ŷ ,Ẑ] each of unit magnitude. The
unit vector Ẑ aligns with the angular momentum vector for the planar motion of the
primary bodies. The unit vector X̂ is defined on the plane of the motion of primaries.
Then, the unit vector Ŷ completes the right-handed triad. A set of three orthogonal
unit vectors [x̂,ŷ,ẑ] defines a rotating frame in which the equations of motion are
derived. The unit vector x̂ is directed from P1 toward P2, and the unit vector ẑ is
aligned with Ẑ. Then, the unit vector ŷ completes the right-handed triad. Therefore,
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Figure 2.1. Formulation of the Circular Restricted Three-Body Problem
when the angle θ in Figure 2.1 is 0◦, [X̂ ,Ŷ ,Ẑ] and [x̂,ŷ,ẑ] are identically aligned. The





To represent a physical Sun-planet system, the larger mass, the Sun, is typically as-
signed as m1 and the smaller mass, i.e., the planet, is then denoted as m2. Let the
nondimensional locations of P1 and P2 with respect to the barycenter, expressed in
terms of rotating coordinates, be d̄1 and d̄2, respectively. Distances are nondimen-
sionalized utilizing the distance between the primaries as the characteristic length,
r∗. Consequently, the nondimensional vectors d̄1 and d̄2 are defined as,
d̄1 = x1x̂, (2.2)
d̄2 = x2x̂. (2.3)
Then, the nondimensional mass ratio defines x1 and x2 as follows,
x1 = −µ, (2.4)
x2 = 1− µ. (2.5)
The nondimensional location of P3 with respect to the barycenter in the rotating
frame is denoted as r̄, and the nondimensional vector is expressed as the following,
r̄ = xx̂+ yŷ + zẑ. (2.6)
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Also, the location of P3 with respect to P1 and P2 is denoted as r̄13 and r̄23, respec-










. Thus, the nondimensional angular velocity of the rotating system relative
to the inertial frame is unity. Then, the scalar, second-order equations of motion for
the CR3BP are,

























Dots indicate derivatives with respect to the nondimensional time, and r13 and r23























































These are the standard, nondimensional, scalar equations of motion in the CR3BP.
They can be numerically integrated to compute trajectories.
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2.2 Jacobi’s Integral
An integral of motion can be derived from the equations of motion as discussed by
A.E. Roy [38]. Multiplying Equation (2.15) by ẋ, Equation (2.16) by ẏ, and Equation
(2.17) by ż and adding, yields










Integrating this equation results in the expression
ẋ2 + ẏ2 + ż2 = 2U∗ − CJ , (2.19)
where CJ is the integration constant. With the substitution of the definition for
the pseudo potential, U∗ in Equation (2.11), the equation can be expressed as the
following,








− CJ . (2.20)
The constant CJ is the only integral of motion that can be obtained in the CR3BP
and is denoted as Jacobi’s Integral [38]. The constant CJ is usually labeled the Jacobi
Constant [39], and the value indicates the energy level of P3 in its orbit as computed
in the CR3BP.
2.3 Libration Points
In 1772, Euler sought equilibrium points and identified three such collinear points
along the x-axis [35]. Lagrange confirmed this result and added two triangular equi-
librium points [35]. These five equilibrium points are called Lagrange or libration
points [35, 38]. The relative location of each libration point appears in Figure 2.2.
Libration points L1, L2, L3 are termed the collinear points and are linearly unsta-
ble [38]. A particle placed at any of these libration points leaves the vicinity of the
point if arbitrarily perturbed slightly. Libration points L4 and L5 complete equilat-
eral triangles with the primary bodies, and are linearly stable for certain values of
µ [38]. Thus, motion in the vicinity of L4 or L5 is bounded even under perturbation.
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Figure 2.2. Libration Points (not to scale)
The labels in Figure 2.2 are consistent with those defined by NASA. Without a gen-
eral analytical solution to Equations (2.15)-(2.17) and only one integral, equilibrium
solutions offer insight and greater understanding of the problem.
2.4 Periodic Orbits
Near the beginning of the 20th century, a number of researchers explored the three-
body problem and developed approximation methods to compute periodic orbits.
Most techniques were initially applied in the two-dimensional, i.e., planar, problem.
The determination of three-dimensional orbits was the focus of fewer studies because
of the computational challenges. In his early analysis in the 1920’s, F.R. Moulton
determined three types of finite, precisely periodic solutions near the collinear points
in the CR3BP [37]. He included three-dimensional orbits in the study. K.C. Howell
[37] discusses each type of solutions and offers earlier references on the analytical
and numerous developments. One type of solution is the Lyapunov trajectory, a
planar periodic orbit for motion in the x-y plane. One of the Lyapunov orbits near
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L2 in the Earth-Moon system appears in Figure 2.3. The orbit possesses a large
in-plane excursion in the direction of the y-axis, i.e., Ay = 58,850 km. Note that
any three-dimensional trajectory is presented as an orthographic projection. The
origin of the plot is the barycenter of the Earth-Moon system. The upper left plot
is the x-y projection; the lower left is the x-z view; and, the projection in the lower
right is onto the y-z plane, that is, the view from the negative x̂-direction. Although
a Lyapunov orbit is symmetric across the x-axis, it is not circular or elliptic. The
shape is very unique to the CR3BP. As seen in the figure, there is no out-of-plane
component along a Lyapunov orbit. The second type of solution is the nearly vertical
orbit, also symmetric across x-axis. This type of orbit is dominated by the out-of-
plane component, but not exclusively in the z-direction. The third sample type is
the halo orbit. The halo orbit is actually a combination of the Lyapunov and nearly
vertical orbits. It is three-dimensional and an example appears in Figure 2.4. This
particular halo orbit is computed in the Earth-Moon system and possesses an out-of-
plane amplitude Az = 15,100 km, an in-plane excursion Ay = 38,850 km. The x-y
projection of the orbit appears in the upper left, and looks identical to a Lyapunov
orbit. However, in the x-z and y-z projections, the out-of-plane component is clearly
evident.
2.5 Linear Analysis
Computing a periodic orbit in the CR3BP is nontrivial. Not only is there no
analytical solution, but this region of space is numerically sensitive. Thus, most
computational methods are burdened by a sensitivity to initial conditions. However,
numerical tools and mathematical results not available to Moulton in 1920 now offer
insight, such as certain characteristics of periodic orbits. With a good initial guess
for the initial conditions, linear analysis can be employed to numerically compute a
periodic orbit.
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Figure 2.3. Lyapunov Orbit: Earth-Moon System, Ay = 58,800 km













































Figure 2.4. Halo Orbit: Earth-Moon System, Az = 15,100 km, Ay = 38,850 km
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Let x̄ be a state vector in three-dimensional space, i.e., x̄ = [x, y, z, ẋ, ẏ, ż]T . Then,
a nonlinear dynamical system can be described by a differential equation of the form
˙̄x = f̄(x̄) . (2.21)
In the CR3BP, the equations of interest are Equations (2.15), (2.16), and (2.17).
Various types of particular solutions to the nonlinear differential equations are known
to exist, for example, the constant equilibrium points as well as an infinite number of
periodic orbits. To linearize Equation (2.21) about an equilibrium point or a periodic
orbit, expand the reference solution in a Taylor series. To model the behavior near
the reference solution, ignore the higher-order terms in the expansion. Define the
perturbation relative to the reference as δx̄ such that δx̄ = [δx, δy, δz, δẋ, δẏ, δż]T .
Then, the variational equations can be rewritten as a linear homogeneous equation,
i.e.,
δ ˙̄x = A(t)δx̄ , (2.22)
where, in general, A(t) is a 6 × 6 time-varying square matrix. The A(t) matrix is
evaluated on the reference solution. Generally, the reference solution changes with
time. Thus, A(t) is not constant. However, the A(t) matrix is constant when the
reference solution is constant, e.g., an equilibrium point.
2.5.1 State Transition Matrix (STM)
Instead of placing a satellite at a collinear libration point, using a periodic orbit
near a libration point is a more practical option. As such, it is necessary to compute
periodic orbits efficiently. However, the numerical computation of periodic orbits is
generally time consuming unless a good initial guess is already available. A trial-
and-error process is an option to obtain a good initial guess, but it is not always
effective. Thus, development of a numerical method to improve an initial guess by
predicting behavior near the reference solution is desirable. Such a method requires
information concerning the sensitivity of the state to changes in the initial guess, i.e.,
state transition matrix.
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Recall the nonlinear equation, ˙̄x = f̄(x̄). If a periodic orbit exists, it is possible
to linearize about the periodic orbit. Then, again, Equation (2.22), δ ˙̄x=A(t)δx̄, is








where the submatrices I3 and 03 correspond to the 3 × 3 identity matrix and the null




























where U∗ is the pseudo-potential as defined in Equation (2.11) and each element is
the second partial derivative with respect to the position states that are indicated by
















Let ψ(t) be any nonsingular 6 × 6 matrix that satisfies the following relationship,
ψ̇(t) = A(t)ψ(t) . (2.26)
Then, the general solution of Equation (2.22) can be expressed in the form [41],
δx̄(t) = ψ(t)c̄ , (2.27)
where c̄ is a constant vector. At the initial time, t0, Equation (2.27) is the following,
δx̄(t0) = ψ(t0)c̄ . (2.28)




Then, substitute this equation into Equation (2.27),
δx̄(t) = ψ(t)ψ(t0)
−1δx̄(t0) . (2.30)
The state transition matrix (STM), Φ(t, t0), is defined as follows,
Φ(t, t0) = ψ(t)ψ(t0)
−1 . (2.31)
Now, the general solution can be expressed in the following form,
δx̄(t) = Φ(t, t0)δx̄(t0) . (2.32)
Since Equation (2.32) must also be true if evaluated at the initial time,
Φ(t0, t0) = I , (2.33)
where I is the identity matrix. The STM relates its initial state and the state at
some future time, t. In other words, the STM indicates the sensitivity of subsequent
behavior of the system to its initial state. Therefore, the STM is sometimes denoted
the sensitivity matrix. Also, the state transition matrix after one complete cycle,
Φ(T, t0), is labeled the monodromy matrix.
2.6 Differential Corrections
To compute a periodic orbit, specific initial conditions for the orbit are required.
However, since there is no closed-form solution and this region of space is very sensitive
to initial conditions, a search for such conditions can be time consuming. To develop
a searching technique, the characteristics of a periodic orbit offer useful information.
As mentioned previously, the Lyapunov orbit and the x-y projection of a halo orbit
near the collinear points are symmetric across the x-axis. Therefore, they possess
perpendicular crossings on the x-axis. By locating the initial conditions on the x-axis,
a periodic orbit re-crosses the x-axis, perpendicularly, at the half period of the orbit.
If it is possible to determine such initial conditions, a periodic orbit can be computed.
Two trajectory arcs appear in Figure 2.5. The arc on the left in the figure is a target
17
arc that is half a periodic orbit; it is apparent from the perpendicular crossings of
the x-axis. The arc on the right is the initial arc that is perturbed slightly from the
target arc. By correcting the initial difference δx̄0, the final variation relative to the
reference, δx̄f , is modified. Thus, when the correction is successful, the thinner arc
converges onto the target arc.
To determine a specific relationship between δx̄0 and δx̄f , exploit the STM. The
final state along a trajectory path can be computed by integrating the initial condi-
tions until tf , the final time. Thus, the final state can be expressed in the following
form,
x̄(tf) = f̄(x0, y0, z0, ẋ0, ẏ0, ż0, tf) , (2.34)
where x0, y0, z0, ẋ0, ẏ0, and ż0 are initial values corresponding to each component.
The variation of the final x component via a change in the initial conditions and final























where the partial derivatives are all evaluated at tf . The variation in the other












= ẋ. Also, partial derivatives with respect to the compo-
nents of state vector are elements of the STM at tf , i.e., Φ(tf , t0). Then, the linear
variational equations can be written as follows,
δx̄f = Φ(tf , 0)δx̄0 + ˙̄x|tf δtf , (2.37)
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Figure 2.5. Differential Corrections
where ˙̄x|tf is the vector time derivative of the state vector, evaluated at tf . In matrix
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where Φij indicates the element of STM at ith row and jth column. Also, the sub-
script, tf , indicates that the vectors and matrix are evaluated at tf . Now, let the
vector of initial conditions be the following,
x̄(t0) = [x0, y0, z0, ẋ0, ẏ0, ż0]
T . (2.39)
From Figure 2.5, it is obvious that y0 is zero. Since the target arc has a perpendicular
crossing on the x-axis, ẋ0 is zero. Also, ż0 is zero. Thus, the variational vector
corresponding to the initial state under perturbation can be expressed as follows,
δx̄(t0) = [δx0, 0, δz0, 0, δẏ0, 0]
T . (2.40)
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Similarly, the final variation conditions can be written as follows,
δx̄(tf) = [δxf , 0, δzf , 0, δẏf , 0]
T , (2.41)
where δxf , δzf , and δẏf are final values of each component. Therefore, Equation
(2.38) can be reduced to the following,
δyf = Φ21δx0 + Φ23δz0 + Φ25δẏ0 + ẏfδtf , (2.42)
δẋf = Φ41δx0 + Φ43δz0 + Φ45δẏ0 + ẍfδtf , (2.43)
δżf = Φ61δx0 + Φ63δz0 + Φ65δẏ0 + z̈fδtf , (2.44)
where Φij indicates the element of the STM at i
th row and jth column. Since a
crossing at the x-axis is observed, δyf is always zero. Thus, Equation (2.42) can be
solved for δtf as follows,
δyf = 0 = Φ21δx0 + Φ23δz0 + Φ25δẏ0 + ẏfδtf . (2.45)
This equation can be solved for δtf , which is substituted it into Equations (2.43) and
(2.44). Then,
δẋf = Φ41δx0 + Φ43δz0 + Φ45δẏ0 −
ẍf
ẏf
(Φ23δz0 + Φ25δẏ0) , (2.46)
δżf = Φ61δx0 + Φ63δz0 + Φ65δẏ0 −
z̈f
ẏf
(Φ23δz0 + Φ25δẏ0) , (2.47)
where ẍf and z̈f are the fourth and sixth components of ˙̄x|tf . Assuming x0 is fixed,
i.e., δx0 = 0, then, by substitution into Equations (2.46) and (2.47), these expressions


































It is desired to offset the error in the final state, so the following corrections are
assumed,
δẋf = −ẋf , (2.49)
δżf = −żf . (2.50)
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The states at the perpendicular crossing can be computed by numerically integrating
Equations (2.8), (2.9), and (2.10). The initial conditions for the simulation are re-
quired. Also, elements of the variable A(t) matrix in Equation (2.22) can be computed
as required. Substitution of Equation (2.32), δx̄(t) = Φ(t, t0)δx̄(t0), into Equation
(2.22), δ ˙̄x=A(t)δx̄, yields,
Φ̇(t, t0) = A(t)Φ(t, t0) . (2.51)
Given Φ(t, t0), sufficient information is available to compute δz0 and δẏ0 in Equation
(2.48). The computed values of δz0 and δẏ0 are desired as the necessary change to
the current initial conditions. Assume the desired initial condition as follows,
x̄d = [xd, 0, zd, 0, ẏd, 0]
T . (2.52)
Then, the current initial conditions can be expressed as follows,
x̄0 = x̄d + δx̄0 . (2.53)
Thus, new initial conditions, x̄new are,
x̄new = x̄0 − δx̄0 . (2.54)
The new initial conditions can be evaluated as the result of an iterative process. It
may require several iterations until the new δz0 and δẏ0 satisfy the desired tolerance.
2.7 Stable and Unstable Manifolds: Equilibrium Points
One of the benefits the circular restricted three-body problem offers is the exis-
tence of constant equilibrium solutions, i.e., libration points. Since the dynamics in
the three-body regime is complex and seemingly unpredictable, constant equilibrium
solutions provide clues to analyze the dynamics of the system. These constant so-
lutions can be exploited as reference points for linear analysis. When equations of
motion are linearized with respect to a reference point, the local dynamics associated
with the point can be analyzed. The dynamical systems theory offers useful theorems
to predict the behavior near the reference point.
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The variational differential equations relative to an equilibrium point, such as a
libration point, result in a constant A matrix and, thus, appear in the following form.
δ ˙̄x = Aδx̄ . (2.55)
Consider a nonlinear system as represented in Equation (2.21) and a constant equilib-
rium solution, x̄eq. Suppose an A matrix is computed by linearizing Equation (2.21)
about x̄eq; since the reference solution is constant, A is a constant matrix. If the
eigenvalues, λ, of A possess negative and positive real parts, stable and unstable lin-
ear subspaces exist, i.e., Es and Eu respectively, and they are spanned by stable and
unstable eigenvectors, i.e., v̄s and v̄u respectively. Consider the neighborhood of x̄eq.
Then, the local stable manifold, W sloc(x̄eq), is the local flow approaching x̄eq as the
time goes to ∞. Also, the local unstable manifold, W uloc(x̄eq), is the local flow ap-
proaching x̄eq as the time goes to -∞. Guckenheimer and Holmes state the following
theorem [42].
Theorem 2.7.1 (Stable Manifold Theorem for a Fixed Point) Suppose that ˙̄x
= f̄(x̄) has a hyperbolic fixed point x̄eq. Then there exist local stable and unstable man-
ifolds W sloc(x̄eq), W
u
loc(x̄eq), of the same dimensions ns, nu as those of the eigenspaces





are as smooth as the function f̄ .
At a hyperbolic point, the eigenvalues of A possess no zero real parts or pure
imaginary parts. An example of stable and unstable manifolds that correspond to a
hyperbolic equilibrium point appears in Figure 2.6. Arrows indicate the direction of
the flow. Stable manifolds approach x̄eq, and unstable manifolds move away from x̄eq.
The global stable and unstable manifolds, W s and W u, respectively can be “obtained
by letting points in W sloc flow backwards in time and those inW
u
loc flow forwards” [42].
For the collinear libration points, there exist six eigenvalues of A, and four are pure
imaginary. Thus, the collinear points are not hyperbolic points. Guckenheimer and
Holmes state the following theorem for a non-hyperbolic equilibrium point, x̄eq = 0̄
[42].
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Theorem 2.7.2 (Center Manifold Theorem for Flows) Let f̄ be a Cr vector
field on Rn vanishing at the origin (f̄(0̄) = 0̄) and let A = Df̄(0̄). Divide the spectrum











< 0 if λ ∈ σs ,
= 0 if λ ∈ σc ,
> 0 if λ ∈ σu .
Let the (generalized) eigenspaces of σs, σc, and σu be E
s, Ec, and Eu, respectively.
Then there exist Cr stable and unstable invariant manifolds W u and W s tangent to
Eu and Es at 0 and a Cr−1 center manifold W c tangent to Ec at 0. The manifolds
W u, W s, W c are all invariant for the flow of f̄ . The stable and unstable manifolds
are unique, but W c need not be.
For the collinear points, two of the eigenvalues of A are real; one is negative and
the other is positive. Thus, stable and unstable modes can be identified to compute
stable and unstable manifolds, W s and W u, respectively. Recall that the libration
points are equilibrium points. For example, to place a satellite at the L2 point,
manifolds represent potential transfer trajectories to deliver a vehicle into the L2
point or to depart the L2 for another location. However, the existence of a positive
real part in the eigenvalues indicates that the collinear libration points are unstable.
The libration point L2 has often been proposed as a location for an astrophysical
observatory. Even though a satellite precisely at L2 is not likely, it might be possible
to remain in the near-vicinity.
2.8 Stable and Unstable Manifolds: Periodic Orbits
Even though the collinear libration points are linearly unstable, periodic orbits
in their vicinity are well-suited as options for certain missions. However, designing
a transfer trajectory from some primary body to a three-dimensional periodic orbit





















Figure 2.6. Stable and Unstable Manifolds Near a Hyperbolic Equilibrium Point
associated with a periodic orbit is essential. A key property of a periodic orbit that
has proven to be very useful is the existence of manifolds.
As for equilibrium points, stable and unstable manifolds offer much insight into
the flow near a periodic orbit. Let N(Γ) be the neighborhood of the periodic orbit Γ.
Perko [43] states the following theorem.
Theorem 2.8.1 (The Stable Manifold Theorem for Periodic Orbits) Let f ∈
C1(E) where E is an open subset of Rn containing a periodic orbit,
Γ : x̄ = γ(t) ,
of ˙̄x = f(x̄) of period T . Let φt be the flow of ˙̄x = f(x̄) and γ(t) = φt(x̄0). If k of
the characteristic exponents of γ(t) have negative real part where 0 ≤ k ≤ n − 1 and
n − k − 1 of them have positive real part then there is a δ > 0 such that the stable
manifold of Γ,
S(Γ) = {x̄ ∈ Nδ(Γ) | d(φt(x̄),Γ) → 0 as t→ ∞
and φt(x̄) ∈ Nδ(Γ) for t ≥ 0} ,
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is a (k + 1) - dimensional, differentiable manifold which is positively invariant under
the flow φt and the unstable manifold of Γ,
U(Γ) = {x̄ ∈ Nδ(Γ) | d(φt(x̄),Γ) → 0 as t→ −∞
and φt(x̄) ∈ Nδ(Γ) for t ≤ 0} ,
is an (n−k) - dimensional, differentiable manifold which is negatively invariant under
the flow φt. Furthermore, the stable and unstable manifolds of Γ intersect transversally
in Γ.
Thus, stable (unstable) manifolds approach (leave) a periodic orbit asymptotically.
Thus, it is not possible to obtain an exact point where a stable (unstable) mani-
fold approaches (leaves) the periodic orbit. However, initial conditions are required
to compute a manifold numerically. This indicates that it is necessary to approxi-
mate the manifolds for their use to estimate the initial conditions. Since the global
manifolds in the nonlinear problem are tangent to the eigenspace near the periodic
orbit, eigenvectors from the monodromy matrix can be exploited to approximate the
manifolds. Guckenheimer [42] states the relationships between the subspaces and
eigenvalues of the state transition matrix.
Es = span{eigenvectors whose eigenvalues have modulus < 1} ,
Eu = span{eigenvectors whose eigenvalues have modules > 1} .
To obtain stable (unstable) eigenvectors that span the stable (unstable) subspace,
a point on the periodic orbit is selected. Then, eigenvalues are computed from the
monodromy matrix, Φ(T, t0) at the point. The structure of the eigenvalues of the
monodromy matrix is established by the following theorem [40, 41],
Theorem 2.8.2 (Lyapunov’s Theorem) If λ is an eigenvalue of the monodromy
matrix Φ(T, 0) of a t-invariant system, then λ−1 is also an eigenvalue, with the same
structure of elementary divisors.
One of the eigenvalues must be one for a periodic orbit to exist; the structure of the
system also results in eigenvalues that are always in reciprocals pairs. So, consistent
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with the theorem, at least two of eigenvalues are one. If one of the eigenvalues is real
and not unity, its reciprocal eigenvalue must exist. Thus, if the magnitude of one
of the real eigenvalues is smaller than one, the magnitude of another real eigenvalue
must be larger than one due to the reciprocal structure. This indicates that stable and
unstable manifolds must co-exist. If one of the eigenvalues is imaginary, its reciprocal
imaginary eigenvalue must exist. To satisfy this condition, imaginary eigenvalues are
all on the unit circle.
Once eigenvectors are computed from the eigenvalues, initial conditions to com-
pute stable (unstable) manifolds numerically can be estimated. Let V̄ Ws and V̄ Wu
be six-dimensional stable and unstable eigenvectors, respectively. Also, suppose
V̄ Ws = [xs, ys, zs, ẋs, ẏs, żs]
T and V̄ Wu = [xu, yu, zu, ẋu, ẏu, żu]
T . Then, let Ȳ Ws and



















to normalize the eigenvectors on position. The initial state vectors to approximate
a location on a stable and unstable manifold are X̄Ws0 and X̄
Wu
0 , respectively. These
vectors are evaluated as follows,
X̄Ws0 = x̄
∗ + dȲ Ws , (2.58)
X̄Wu0 = x̄
∗ + dȲ Wu , (2.59)
where x̄∗ is the fixed point on the periodic halo orbit and d is a scalar offset distance.
The value of d depends on the system. Also, it should be sufficiently small to satisfy
the range of validity for the linear assumption. However, if d is too small, “the time of
flight becomes too large due to the asymptotic nature” of manifolds [44]. A subspace
is spanned by any multiple of its eigenvector [45]. Thus, there are two directions for
each Ȳ Ws and Ȳ Wu. For each direction, half a manifold exists. An example of a single
stable and a single unstable manifold corresponding to a fixed point along an L2 halo
orbit in the Sun-Earth system appears in Figure 2.7 as projected into configuration
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space. The trajectory is plotted in the Sun-Earth rotating frame. The Az amplitude
of the halo orbit is 130,300 km. Blue indicates the stable manifold. Red indicates
the unstable manifold. The blue circle represents the Earth. The black dot indicates
the L2 point. Note the symmetry apparent when the stable and unstable manifolds
are compared. Since the initial conditions can be estimated by using any point along
the periodic orbit, there exist infinitely many manifolds along a periodic orbit [9]. In
configuration space, this result can be visualized as surfaces of stable and unstable
flow arriving at or departing from the orbit. To identify specific manifolds along the
orbit, “tag numbers” are defined for fixed points on the periodic orbit. An example
of selected points along a halo orbit appears in Figure 2.8. The halo orbit is near the
Sun-Earth L2 libration point, and the Az value is 130,300 km. In the figure, 34 points
are selected, and the time between each point is the same. The tag number “1” is
indicated by a number one in the figure. It is on the x-axis and on the far side of the
second primary, the Earth in this case. Then, the tag numbers increase clockwise.
More points can be selected by decreasing the time between each point. However,
the location of the tag number 1 is always the same. Theoretically, it is possible to
compute infinitely many manifolds. However, it is not practical because an infinite
amount of computation time will be required. However, it is possible to estimate
the surface from the selected manifolds. A surface associated with the unstable Sun-
Earth manifolds for a halo orbit near L2 appears in Figure 2.9. This figure is also
represented in the Sun-Earth rotating frame with an Az amplitude equal to 130,300
km. The surface forms a tube; trajectories corresponding to globalized manifolds
comprise the surface. Hence, the surface is sometimes labeled a “manifold tube”.
Manifold tubes are useful in the design of low cost transfer trajectories involving
periodic orbits.
It is observed that stable and unstable manifold tubes also generally separate
trajectories that are not actually on the tubes into two different types [46]. One type
of orbits remains inside a manifold tube, and another type maintains a path beyond
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the manifold tube. Therefore, manifold tubes in the two-dimensional problem are
also separatrices.























Figure 2.7. Sun-Earth Stable and Unstable Manifolds Near L2; Az = 130,300 km

























Figure 2.8. “Tag” Numbers for Selected Points on Sun-Earth Halo
Orbit Near L2; Az = 130,300 km
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Figure 2.9. Sun-Earth Unstable Manifold Tube Near L2; Az = 130,300 km
2.9 System Model
One of the most important trajectory design tools is a reasonable model that
represents the physical system to a certain level of accuracy and offers the desired
system characteristics. But the model must also be sufficiently simple such that
mission designers can readily analyze the dynamics and interactions between various
trajectory arcs. The circular restricted three-body problem offers both the complexity
and the well-known manifold structures to represent the actual motion that can be
exploited.
2.9.1 Blending CR3BPs: Four-Body Problem
The circular restricted three-body problem has been successfully demonstrated
as a powerful design tool to provide insight into the actual motion of a body in
space such as a spacecraft or a comet [47, 48]. Of course, the number and types of
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gravitational bodies for the design of some specific trajectory vary depending on the
spacecraft destination, and the CR3BP may not be sufficient as the sole source to
model the appropriate dynamical regime. Hence, the capability to represent a system
with more than two gravitational bodies is essential. One approach to model such
a system that has been previously explored is a blending of CR3BPs. For example,
a four-body system such as Sun-Earth-Moon can be modeled by overlapping Sun-
Earth and Earth-Moon systems at the common body, Earth. This technique can
also incorporate the difference in the orientation of the fundamental orbital planes
of the two systems to enhance the level of accuracy. In Figure 2.10, the location of
the Moon is defined relative to the other bodies in the system. The rotating frame
corresponding to the Sun-Earth system is defined as a set of three orthogonal unit
vectors [â1, â2, â3]. The Sun is located in the direction corresponding to −â1. Another
set of three orthogonal unit vectors [b̂1, b̂2, b̂3] reflects the rotating frame of the Earth-
Moon system, and the orientation of [b̂1, b̂2, b̂3] with respect to [â1, â2, â3] is defined by
a Euler angle sequence, i.e., body-two 3-1-3. The first angle α defines the orientation
of the line of nodes with respect to â1. The second angle i denotes the inclination
of the lunar orbit plane with respect to the Earth orbit. The third angle β identifies
the lunar location in the orbital plane relative to the line of nodes, i.e., the ascending
node.
A similar model formulation is possible to design interplanetary trajectories by
blending a Sun-Earth system and a Sun-planet system. For example, to design a
trajectory from Earth to Mars, Sun-Earth and Sun-Mars systems are overlapped at
the common body, i.e., the Sun. In this case, the inclination of Mars’ orbit is generally
neglected since the inclination relative to the ecliptic plane is 1.51◦, relatively small
compared to the lunar orbit inclination, 5.09◦ [49]. Then, the location of Mars with
respect to the Sun-Earth rotating frame is defined by only one angle. This assumption
simplifies the model and is generally adequate for a corrections process. However, the
Mars’ orbit is more elliptic than the Earth’s or the Moon’s orbit. The eccentricity
of the Mars’ orbit is 0.0934 compared to 0.0167 and 0.0549 of the Earth’s orbit and
30
the Moon’s orbit, respectively [49]. Therefore, the exploitation of a circular restricted
model for the Sun-Mars system reduces the level of accuracy.
Figure 2.10. Angle Definitions in the Three-Dimensional Model
2.9.2 Blending CR3BP and Ephemeris Model: Four-Body Problem
An alternative formulation of a Sun-Earth-Planet system is possible by transform-
ing ephemeris planet data into a Sun-Earth system. In this model, only ephemeris
states, not a gravitational force, of the planet are considered and these states are
transformed into the Sun-Earth system by defining a Julian date at the initial time of
a propagated trajectory. This formulation is useful when the planet is a target for the
trajectory. Since ephemeris states are targeted, transfers constructed in this model
are a relatively accurate guess to be transitioned into a higher-fidelity model even
when the planet’s orbit is eccentric and inclined with respect to the ecliptic plane.
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2.9.3 Blending Model: Five-Body Problem
To design a trajectory from an Earth-Moon libration point orbit to a destination
object such as an asteroid, Mars, and Jupiter, the four-body models described above,
i.e., Sun-Earth-Moon and Sun-Earth-Planet systems, are no longer sufficient, and a
five-body model is necessary, e.g., the five bodies are Sun, Earth, Moon, asteroid, and
spacecraft when an asteroid is the destination object. Even though the dynamics in
a five-body system are complex, one possible model is constructed by blending the
Sun-Earth-Moon system and the ephemeris states of the destination object. Again,
the ephemeris states are transformed into the Sun-Earth system by defining a Julian
date. However, this date can no longer be arbitrary since the date also determines
the orientation of Earth-Moon system. The initial date determines the locations of
all bodies except the spacecraft in this model. Hence, the date is a useful parameter
for trajectory design in this model.
A great advantage of this blended model is that trajectory designers can exploit
the knowledge of the CR3BP, e.g., libration point orbits and invariant manifold struc-
tures to design trajectories in the five-body regime. Thus, the design process can be
simplified. In addition, trajectories constructed in this model have a reasonable level
of accuracy to be transitioned into a higher-fidelity model due to the implementation
of the ephemeris states. When the destination object is a small body, e.g., an asteroid
and Mars, the influence of its gravitational force is very small even in a higher-fidelity
model. However, this blended model is capable of computing trajectories to a large
destination body such as Jupiter with a certain level of accuracy to be transitioned
to a higher-fidelity model.
2.10 Multiple Shooting
Trajectory design requires the capability to link different types of arcs, including
both two-body and three-body arcs, to meet mission requirements. The same type
of corrections process is also employed to transition to a model of different fidelity or
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add new forces to an existing model. Thus, mission designers must be equipped with
various design tools to link multiple arcs. One possible strategy to accomplish such a
task is a multiple shooting method [50]. Such a numerical corrections scheme has been
demonstrated to be useful in trajectory design [51,52]. A multiple shooting schematic
is illustrated in Figure 2.11. The black dots represent 6-D states estimated to be on
a desirable path, that is, to serve as an initial guess. The states are denoted x̄i where
the subscript i is an index. Each x̄i is comprised of position components as well as
velocity components, e.g., x̄1 = [rx1, ry1, rz1, vx1, vy1, vz1]. Propagating a state, x̄i, over
time, ti, by means of function f̄ yields the trajectory represented by a solid arc in the
figure. As an initial guess, the state x̄i does not, in fact, reach the desired state x̄i+1
after the propagation. The actual final state along each arc is denoted by f̄(x̄i, ti), and























zi]. The superscript f indicates the final state along
arc i. If arcs are not linked, as in the figure, final states from the propagation from
ti to ti+1, f̄(x̄i, ti), and the following initial states x̄i+1 are modified to achieve a
continuous trajectory. To achieve a continuous path, various types of corrections
strategies could be applied. From among many options, a free-variable/constraint
implementation of the corrections process is employed. This corrections process is
detailed in Pavlak [53]. A free variable vector, X̄, and a constraint vector, F̄ , are
defined as follows,
Figure 2.11. Illustration of Multiple Shooting
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x̄2 − f̄(x̄1, t1), x̄3 − f̄(x̄2, t2), x̄4 − f̄(x̄3, t3)
]T
= 0̄, (2.61)
where X̄ is a column vector of free variables and F̄ is a column vector of equality
constraints. The superscript T indicates a transpose. Then, these constraints are
achieved numerically by the iterative application of a vector Newton’s method with
the following update equation,
X̄j+1 = X̄j −DF (X̄j)
−1F̄ (X̄j), (2.62)
where X̄j is a free variable vector at the j
th iteration and DF (X̄j) is the Jacobian
matrix. The Jacobian matrix is constructed as partial derivatives of the constraint
vector with respect to the free variable vector evaluated at the jth iteration. Generally,
the number of free variables are larger than the number of constraints. Thus, DF (X̄j)
is not expected to be invertible. In this case, it is necessary to modify Equation (2.62)
with a pseudo-inverse of DF (X̄j), such that
X̄j+1 = X̄j −DF (X̄j)
T [DF (X̄j) ·DF (X̄j)
T ]−1F̄ (X̄j). (2.63)
to produce a minimum norm update. In this formulation, DF (X̄j) is not required to
be invertible.
Allowing maneuvers to link multiple arcs increases flexibility in the process. A
maneuver application is simply formulated by omitting velocity components from the
specified constraint. For example, let the constraint vector for f̄(x̄2, t2) be F̄2. Then,
to allow a maneuver at f̄(x̄2, t2), F̄2 is formulated as follows,
F̄2 = [rx3, ry3, rz3]





T = 0̄, (2.64)







z2 are position components of f̄(x̄2, t2). In this formulation, the magnitude of the
maneuver is not regulated. However, since the amount of propellant is always limited,
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a means to constrain the maximum maneuver size is necessary. The magnitude of a
maneuver, ∆V , at f̄(x̄2, t2) is expressed in terms of velocity components of x̄3 and
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Hence, an additional scalar constraint, F∆V to limit the velocity difference between
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−∆V = 0. (2.66)
However, in this formulation, the partial derivatives possess a singularity when the
velocity difference is very small. To avoid the singularity, Equation [2.65] is squared.
Then, Equation [2.66] is rewritten in the form,
F∆V = (vx3 − v
f
x2)
2 + (vy3 − v
f
y2)
2 + (vz3 − v
f
z2)
2 −∆V = 0, (2.67)
The constraint F∆V actually specifies the ∆V level. Thus, to improve the application
of the constraint F∆V to introduce flexibility, an inequality constraint is a better
alternative. The inequality is formulated as an equality constraint by introducing a
slack variable, η, and the new formulation is written,
F∆V = (vx3 − v
f
x2)
2 + (vy3 − v
f
y2)
2 + (vz3 − v
f
z2)
2 − (∆V − η2)2 = 0. (2.68)
The slack variable η is squared such that ∆V - η2 is always smaller than or equal to
∆V . Then, the final formulation with a scalar ∆V constraint at x̄3 is the following,









F̄1 = x̄2 − f(x̄1, t1), (2.71)







F̄3 = x̄4 − f(x̄3, t3), (2.73)
F∆V = ((vx3 − v
f
x2)
2 + (vy3 − v
f
y2)
2 + (vz3 − v
f
z2)
2 − (∆V − η2)2. (2.74)
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The maximum maneuver size, ∆V , and an initial guess for η are required to solve for
F̄ = 0̄. The initial guess for η is selected such that the scalar constraint is satisfied,
F∆V = 0.
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3. MANEUVER-FREE TRANSFERS BETWEEN
EARTH-MOON AND SUN-EARTH SYSTEMS
One possible scenario for a transfer from a three-dimensional Earth-Moon (EM) halo
orbit to the planet Mars is the exploitation of unstable Sun-Earth (SE) manifolds.
However, to utilize this option, it is necessary to transfer from an EM halo orbit
to a manifold trajectory associated with a SE halo orbit. Even though different
techniques for such transfers have been investigated by linking manifolds associated
with EM halo orbits to those corresponding to SE halo orbits, it is still challenging to
compute maneuver-free transfers between the Earth-Moon system and the Sun-Earth
system. Thus, it is crucial to establish a general process to construct maneuver-free
transfers for exploiting SE manifolds as a platform for departure to Mars.
3.1 Hyperplane and Reference Frame
A hyperplane is useful for computing halo-to-halo spacecraft transfers. In Figure
3.1, the x-y projections of a hyperplane (black line) and Earth-Moon manifold trajec-
tories, in red, are plotted in Sun-Earth coordinates. The location of the hyperplane is
defined by an angle ψ, and it is measured from the Sun-Earth x-axis in the counter-
clockwise direction. Thus, ψ is negative in Figure 3.1. State vectors corresponding to
both Earth-Moon and Sun-Earth manifolds are then projected onto the hyperplane
as the paths pass through the plane; this projected information offers valuable insight
for the computation of maneuver-free transfer paths. To visualize the projected in-
formation as phase plots, a new reference frame is defined on the hyperplane by a set
of orthogonal unit vectors [x̂ref , ŷref , ẑref ]. The intersection between the Sun-Earth
x-y plane and the hyperplane defines x̂ref , as viewed in Figure 3.1. The direction
of x̂ref is defined so that x̂ref becomes identical with x̂ in the Sun-Earth system
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Figure 3.1. Definition of ψ: It is measured from the SE x-axis in the
counter-clockwise direction (The default value for ψ is negative and
ψ < 0 in the figure).
when ψ is equal to zero degrees. The unit vector ẑref is identical to the Sun-Earth
ẑ axis. The cross product between ẑref and x̂ref defines ŷref . Position and velocity
components expressed in terms of the hyperplane reference frame are represented as
[xref , yref , zref , ẋref , ẏref , żref ]. Phase plots represented in this reference frame are ex-
ploited to discover the lunar location and the appropriate Sun-Earth libration point
orbit for a maneuver-free transfer from an Earth-Moon halo orbit with a specified
amplitude. The size of a periodic halo orbit is distinguished by the z amplitude, Az,
of the orbit which is measured from the x-axis to the largest excursion of the orbit in
the ẑ direction as viewed in Figure 3.2. The Az amplitudes of an EM halo orbit and
a SE halo orbit are defined as EMAz and SEAz, respectively.
3.2 Phase Plots to Establish Orientation of Earth-Moon System
To achieve a maneuver-free transfer, the appropriate combination of all variables
must be determined. The variables include angles α, β, i.e., defined in Figure 2.10,
and hyperplane angle ψ in Figure 3.1. In addition, Az amplitudes, i.e., defined in
the previous section, of an EM halo orbit and a SE halo orbit are variables. They
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Figure 3.2. Definition of Az: An Earth-Moon halo orbit projected
onto the Earth-Moon x-z plane
are denoted as EMAz and SEAz, respectively. Therefore, there are five variables.
Although a challenging task, the procedure to compute the appropriate values is
simplified by exploiting the phase plots created by the projection of the appropriate
states on the hyperplane that is, essentially, a two-dimensional space.
The location of a hyperplane is a key element in obtaining useful phase plots.
Generally, the desirable range for the value of the hyperplane angle, ψ, is between
−85◦ and −70◦ to achieve maneuver-free transfers from EML2 halo orbits to SEL2
halo orbits. Although the range varies as a function of the size of the departure halo
orbit as well as the direction of the transfers, examination of a specific transfer type,
such as EML2-to-SEL2 transfers, supplies useful information which is applicable to
various transfer alternatives. In Figure 3.3, conditions for maneuver-free transfers
are displayed. In Figure 3.3(a), the required combinations of SEAz and EMAz at
specified values of ψ appear. Values for SEAz and ψ are then estimated for a specific
EMAz value from the figure. Plots in Figures 3.3(b)-(c) offer appropriate estimates
for α and β values, respectively, corresponding to the specific combination of EMAz
and ψ.
Various types of phase plots associated with the hyperplane are actually avail-
able. However, this investigation demonstrates that three phase plots are sufficient to
compute a transfer. The three phase plots selected for analysis are: (i) ẋref vs xref ,
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Figure 3.3. Conditions for Maneuver-Free Transfers from EM halo
orbits to SE halo orbits
(ii) zref vs xref , and (iii) żref vs zref . Some examples appear in Figure 3.4. In each
phase plot, Earth-Moon and Sun-Earth manifolds appear as closed curves due to the
‘tube-like’ structure of the manifolds. Since the Jacobi constant value indicates the
energy level for a trajectory in the CR3BP, the Jacobi constant values corresponding
to the intersecting Earth-Moon and Sun-Earth manifolds must be equal to achieve a
maneuver-free transfer. In the Earth-Moon rotating frame, the Jacobi constant value
corresponding to any point along the manifold is equal to the value of the associated
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Earth-Moon halo orbit. However, the value is no longer constant after the states
along the manifold are transformed into the Sun-Earth rotating frame. Thus, the
Jacobi constant value varies along the EM manifold curve in the phase plots, which
are represented in the Sun-Earth system. A black circle on each phase plot in Figure
3.4 indicates the location, along the EM manifold, that corresponds to a Jacobi con-
stant value that is equal to the value along the entire set of trajectories that define
the Sun-Earth manifold. The hyperplane guarantees the yref intersection by defini-
tion. The intersection of the two curves in the ẋref vs xref phase plot guarantees
the existence of an EM manifold trajectory with a corresponding match in ẋref and
xref values along the SE manifold. Therefore, if the same intersecting EM manifold
trajectory possesses an intersection in the other two phase plots, all states, except
ẏref , are equal in value. Thus, it is necessary to introduce an additional relationship
related to ẏref . However, rather than introducing another phase plot, Jacobi constant
values are utilized in this process to ‘match’ the last component, i.e., ẏref . In Figure
3.4, the black circle clearly indicates the direction in which the red curve should be
shifted in each phase plot. For example, in Figure 3.4(a), it is clear that the red curve
should be shifted to the left to move the black circle towards the blue curve.
3.3 Guidelines
For a given halo amplitude EMAz, the orientation of the Earth-Moon system
determines the red curves in the phase plots, e.g., in Figure 3.4, for a fixed value of
ψ. Thus, changing the values of α and β shifts the red curves; adjusting α and β
essentially modifies the location of the Moon in its orbit. The blue curves remain
the same on the fixed hyperplane for a given value of SEAz. The plots in Figure 3.5
demonstrate that various shifts of the red curve in each phase plot slide the black
circle toward the blue curve. The process to achieve the intersection in all three phase
plots is automated. The guidelines for the process are summarized as follows:
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Figure 3.4. Selected Phase Plots at Hyperplane: Blue and red curves
are projections of stable SE and unstable EM manifold trajectories,
respectively, in the SE view. Black circles highlight the EM manifold
trajectory with the SE Jacobi constant value.
• Plots (b) and (c) in Figure 3.3 correlate the values of α and β that are necessary
to achieve a maneuver-free transfer for a desired set of EMAz and ψ values in
this model. These results are useful to estimate the initial values for the design
process.
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• For the ẋref vs xref phase plot in Figures 3.4 and 3.5, either α or β can be
adjusted to shift the black circle closer to the blue curve.
• In the zref vs xref phase plot in Figure 3.4(b), most likely, the black circle does
not intersect with the blue curve, even after an intersection is achieved in the
ẋref vs xref phase plot. Thus, the black circle must be shifted to intersect with
the blue curve by modifying the values of α and β. However, such an update
also changes the ẋref vs xref phase plot. Maintaining the summation of α and β
as a constant reduces the effect on the ẋref vs xref phase plot in Figures 3.4(a)
and 3.5(a). For example, if α is shifted by 1◦, β is altered by −1◦. Physically,
the adjustments in α and β change the location of the Moon by month and day,
respectively. Updating β in the opposite direction reduces the shift of the state
along the manifold. However, the shift reduction is small in the z-component.
• To achieve the intersection in the żref vs zref phase plot, the Sun-Earth am-
plitude (Az value) is adjusted. Since this adjustment affects other phase plots,
both ẋref vs xref and zref vs xref phase plots are then re-evaluated.
Sample phase plots that are produced at the completion of the process appear
in Figure 3.6. The black circle intersects the blue curve in all the phase plots and a
maneuver-free transfer is constructed. In Figure 3.7, the black trajectory is computed
from the state identified in the final phase plots. This trajectory links an unstable
Earth-Moon manifold trajectory and approaches a Sun-Earth halo orbit. In this
figure, the trajectory shifts from a stable Sun-Earth manifold to an unstable Sun-
Earth manifold such that the path actually departs the SE halo orbit. It can be
numerically corrected to remain on the SE halo orbit if desired.
The guidelines are sufficiently general to be applied to different transfer types in-
cluding Earth-Moon L2 halo orbits to/from Sun-Earth L2 halo orbits and Earth-Moon
L2 halo orbits to/from Sun-Earth L1 halo orbits. Sample results are summarized in
Table 3.1. The first three examples in the table represent the same transfer type,
Earth-Moon L2 to Sun-Earth L2, but incorporating different Earth-Moon Az values.
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Figure 3.5. Phase Plots as Trajectory Design Tools: Blue and red
curves are projections of stable SE and unstable EM manifolds. Black
circles highlight the location, along the EM manifold, with the SE
Jacobi constant value. The arrow indicates the direction in which the
red curve shifts.
As the Earth-Moon Az value changes, the Sun-Earth Az value and phase angles shift.
However, since the changes are small, these values of the SEAz amplitude and phase
angles yield a reasonable initial guess for different Earth-Moon Az amplitudes. The
fourth example in Table 3.1 is a transfer in the opposite direction, i.e., from Sun-Earth
L2 to Earth-Moon L2; such a path reflects a return to the Earth-Moon neighborhood.
When the transfer direction is reversed, the ψ value reverses sign from −70◦ to 70◦
while the Az value is barely affected. The SEL2-to-EML2 transfer is plotted in Figure
3.8(a). The transfer is nearly symmetric as compared to the EML2-to-SEL2 transfer,
in Figure 3.7, across the Sun-Earth x-axis. Similarly, the EML2-to-SEL1 and SEL1-
to-EML2 transfers in Figures 3.8(b)-(c), respectively, are symmetric to each other
across the Sun-Earth x-axis.
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Figure 3.6. Phase Plots for Earth-Moon L2 Halo Orbit to Sun-Earth
L2 Halo Orbit Transfer
Table 3.1. Sample Results for EM-SE Transfers
Type EMAz [km] SEAz [km] ψ [deg] α [deg] i [deg] β [deg]
EML2 to SEL2 25,000 163,200 -70 144.47 5 -127.88
EML2 to SEL2 26,000 167,900 -70 143.20 5 -126.60
EML2 to SEL2 27,000 171,800 -70 142.17 5 -125.80
SEL2 to EML2 25,000 163,900 70 35.89 5 -52.68
EML2 to SEL1 25,000 162,600 110 -37.38 5 -124.68
SEL1 to EML2 25,000 163,000 -110 -142.46 5 -55.59
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Figure 3.7. Transfer from Earth-Moon L2 Halo orbit to Sun-Earth L2
Halo Orbit: EMAz = 25,000 km, SEAz = 163,200 km, ψ = -70 deg.
A trajectory propagated from the phase plots’ conditions is in black.
Arrows indicate the direction of flow.
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Figure 3.8. Various Transfers between an Earth-Moon L2 Halo orbit
and Sun-Earth L1/L2 Halo Orbit: EMAz = 25,000 km: unstable man-
ifold trajectories in red, stable manifold trajectories in blue. Arrows
indicate the direction of flow.
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4. TRANSFERS TO MARS
Numerous Mars exploration missions have been launched since 60’s; the first successful
Mars landing was accomplished by the Viking 1 lander in 1975 after a series of lunar
missions and the Mariner spacecraft with flights to Venus and Mars [54–56]. After
a half-century, Mars missions are still nontrivial, but successful missions have been
accomplished as well as valuable capabilities and knowledge. In fact, the interest
in the Mars exploration is shifting towards a manned mission. Different approaches
for the grand challenge have been suggested, but a leading plan is a sequence to
increase the distance and duration of each mission at a sustained pace until reaching
the final destination, Mars [57]. In this concept, an Earth-Moon libration point orbit
is suggested for an orbit where a human hub can be established.
4.1 Dynamical Model for Transfers to Mars
Transfers from the vicinity of the Earth to the vicinity of Mars have been in-
vestigated with a model constructed by blending two systems as formulated in the
three-body body: Sun-Earth and Sun-Mars [28–30]. However, an intensive investi-
gation of transfers from EM libration point orbits is yet to be accomplished. In this
investigation, different system models are examined to ensure that the trajectories
possess a reasonable level of accuracy for a successful transition to a higher-fidelity
model.
4.1.1 Influence of Mars Orbit Eccentricity on the Design Process
One of challenges in constructing a system model for transfers to Mars is a model
of the Mars orbit. The Mars orbit has a relatively high eccentricity of 0.0934 (as
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computed in the inertial frame) as compared to 0.0167 and 0.0549 for the orbits of
Earth and Moon, respectively [49]. If Mars’ path is transformed to a rotating view,
Figure 4.1 illustrates the difference between the ephemeris Mars orbit in black and the
circular Mars orbit in red as they appear in the Sun-Earth rotating frame. It is clear
that a transfer trajectory to the circular Mars orbit requires a significant position
modification when the trajectory is shifted to a higher-fidelity model. In addition,
the angular velocity is no longer constant for the actual Mars orbit. Therefore, the
distance Mars travels along its path in the circular model during a specified time-
of-flight significantly differs from the distance in a higher-fidelity model. Therefore,
these discrepancies introduce challenges into the transition of the circular results to
the higher-fidelity model. Since the designed trajectories eventually must be corrected
to a higher-fidelity model in this investigation, modeling Mars as a circular orbit is
not the best choice.






















Figure 4.1. Comparison of Ephemeris and Circular Mars Orbits in
the Sun-Earth Rotating Frame
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4.1.2 Influence of Mars Gravitational Force on the Design Process
To achieve a higher level of accuracy in the construction of a preliminary path,
the ephemeris Mars locations are implemented in the system model. Two options
are available for this Mars orbit model. The first option incorporates the Mars’
gravitational force in the model. The gravitational force from Mars is computed in
an inertial frame, based on the location of a spacecraft and the epoch in terms of
flight time. Thus, the exploitation of the CR3BP is not trivial in this formulation.
An alternative option is to incorporate only the state information for the ephemeris
locations of Mars. In this model, the Mars data is transformed into the Sun-Earth
rotating frame and the trajectory design process is executed in the Sun-Earth system.
This option allows incorporation of Mars’ actual position in the CR3BP. Of course,
the influence of the Mars’ gravitational force must be also examined.
To investigate the influence of the Mars’ gravity, it is necessary to compare transfer
trajectories with and without the gravitational influence of Mars. On the left in Figure
4.2, a trajectory originating from the vicinity of the Earth and arriving near Mars is
plotted in the Sun-Earth rotating frame. The red circle represents a circular Mars
orbit. The circular orbit is selected solely to evaluate the gravitational influence.
The black trajectory is computed in the Sun-Earth system to represent the transfer
to the Mars orbit. This trajectory can be transformed into the Sun-Mars rotating
frame by assuming Mars is located at the final point along the trajectory path. The
transformed trajectory appears on the right in Figure 4.2 in black. To demonstrate
the effect of Mars’ gravity on the trajectory, a state half way to Mars along the
black trajectory, which is outside of the sphere of influence of both Earth and Mars,
that is, 924, 000 km and 574, 000 km, respectively [49], is selected. This state is
propagated in the Sun-Mars system. The propagated trajectory is plotted in blue on
the right in Figure 4.2. The two trajectories in the right plot are indistinguishable
on the scale in this figure. Hence, a zoomed-in view appears in Figure 4.3. The black
trajectory is computed in the Sun-Earth system and the blue trajectory is computed
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in the Sun-Mars system. Even though the blue trajectory is pulled into the Mars
vicinity due to the Mars’ gravity, the difference between two trajectories is sufficiently
small such that the trajectory integrated without the Mars’ gravity can serve as an
adequate alternative preliminary design. In other word, the trajectory is sufficiently
accurate to be successfully transferred to a higher-fidelity model. Therefore, the
blended combination of the Sun-Earth-Moon system and the ephemeris Mars’ states
is adopted as a system model in this investigation.
Figure 4.2. Comparison of Trajectories with/without Mars’ Gravita-
tional Force: In the Sun-Mars rotating frame
4.2 Transfer Scenarios
Multiple transfer scenarios are examined in this investigation. The transfer sce-
narios are divided into two types via the departure scheme: manifold transfers and
direct transfers. Manifold transfers exploit a manifold path to depart an EM halo
orbit. alternatively, direct transfers exploit a non-manifold path to depart an EM
halo orbit by applying a maneuver. Since each scenario possesses its own advantages
and disadvantages, one scenario may be better suited for certain mission requirements
and/or different destinations.
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Figure 4.3. Comparison of Trajectories with/without Mars’ Gravita-
tional Force: Zoomed-in view in the Sun-Mars rotating frame
4.2.1 Transfers via Sun-Earth Manifolds
One possible scenario for a transfer from a three-dimensional Earth-Moon (EM)
halo orbit to the planet Mars is the exploitation of unstable Sun-Earth (SE) mani-
folds. The general procedure developed in the previous chapter is useful to compute
a maneuver-free transfer from an EM halo orbit to a manifold path associated with
a SE halo orbit.
The first type of scenario to produce a Mars transfer utilizes a halo-to-halo trans-
fer. This transfer scenario does not offer much flexibility in the departure date since
the combination of α and β values to compute a halo-to-halo transfer between se-
lected orbits with the amplitudes EMAz and SEAz is limited as is apparent in Figure
3.3. Based on the α and β values, multiple possible departure dates can be identified.
However, the location of Mars at the arrival time limits the possible date ranges.
Although this process is automated, the guidelines for computing successful transfers
under this scenario include:
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• Possible departure dates are identified by comparing the angle combination (α,
i, and β) with the phase angles corresponding to the ephemeris Moon’s orbital
position. Multiple departure dates are available based on the angle information.
• Time-of-flight to Mars from a Sun-Earth manifold trajectory is initially esti-
mated by computing a Hohmann transfer arc. Based on possible departure
dates and the total time-of-flight, the appropriate locations of Mars at various
arrival times are identified. Under the assumptions in this analysis, it becomes
apparent that most of the possible departure dates are not feasible due to Mars’
location at arrival.
• Based on an estimated feasible arrival date, the actual ephemeris location of
Mars is obtained from the Mars database. Then, an osculating semi-major
axis for the Mars’ orbit at the arrival time is computed. Re-computing the
Hohmann transfer trajectory to Mars with the new semi-major axis improves
the ∆V estimation.
• Previous contributers have exploited unstable Sun-Earth manifolds in the ex-
terior region for departure arcs. However, in this scenario, stable Sun-Earth
manifolds are exploited for the departure arcs, as viewed in Figure 4.4, since
the time-of-flight becomes significantly shorter. In addition, consistent with a
two-body analysis, the energy change, or the ∆V value, is slightly improved by
the exploitation of stable manifolds. Also, the maneuver magnitude, i.e., ∆V ,
tends to be smaller when applied along the stable SE manifold near the x-axis.
• Two maneuvers are applied by implementing a multiple shooting scheme. The
first maneuver is applied to depart a Sun-Earth stable manifold path. The
location of the second maneuver is free to shift along the path as required.
In Figure 4.4, a transfer trajectory to Mars is constructed by modification of the
conditions from the first case in Table 3.1. The ephemeris Mars’ orbit is displayed in
green in Figures 4.4(c)-(d). Earth-Moon manifold trajectories are plotted in red in
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Table 4.1. Sun-Earth Manifold Transfer
Case Departure Date Total TOF [day] ∆V [km/sec]
One Maneuver June 16, 2022 277 3.869
Two Maneuvers June 16, 2022 350 3.495
Figures 4.4(a)-(b) and Sun-Earth manifold trajectories are plotted in blue. Results
for a departure date of June 16, 2022 appear in Table 4.1. The results demonstrate
that the application of two maneuvers allows a reduction of the total ∆V from 3.869
km/sec to 3.495 km/sec. The two locations where maneuvers occur are indicated in
Figures 4.4(a)-(d). Since an unstable EM manifold trajectory is exploited to depart
the EM halo orbit, no significant ∆V is required. However, the increase in the time-
of-flight from 277 days to 350 days is notable. In this example, the ∆V is reduced
as the arrival approach to Mars becomes more tangential. The value of ∆V is higher
than the estimated value from the planar Hohmann transfer which is 2.8 km/sec
from the same location along the manifold. The balance of the total ∆V is inevitable
and mostly due to targeting the z-component of the ephemeris Mars position. The
ephemeris Mars’ orbit is described with the average inclination of 1.85◦ [49]. However,
this small inclination has a significant impact on the ∆V value.
4.2.2 Transfers via Earth-Moon Manifolds
For the second scenario, an Earth-Moon manifold is again exploited to depart
an Earth-Moon L2 halo orbit. However, in this scenario, rather than shifting to a
Sun-Earth manifold path, the trajectory continues on the Earth-Moon manifold and
returns to the vicinity of the Earth to gain energy via an Earth “gravity assist” to
depart the vicinity of the Earth. Not surprisingly, this scenario offers more flexibility
in departure dates compared to the first example. To effectively accomplish a gravity
assist and gain the promised flexibility, certain conditions must be satisfied. One
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Figure 4.4. Transfer from Earth-Moon L2 to Mars via Sun-Earth
Manifold: EMAz = 25,000 km, SEAz = 163,200 km, ψ = -70 deg
of the conditions is a relatively close pass distance; another is a perigee location in
the fourth quadrant relative to the Sun-Earth frame. Earth-Moon manifold paths
as viewed in the Sun-Earth rotating frame are plotted in red in Figure 4.5. The
hyperplane orientation is fixed at ψ = −95◦; the angles α and β are each equal to
0◦. To observe the flow of the trajectories along the manifold passing through the
hyperplane, the states at the hyperplane crossing are integrated in forward time in
the Sun-Earth system. The integrated trajectories appear in black in the figure. Since
the behavior of these trajectories is complex, it is extremely challenging to predict
the variations in the path as a function of the variations in α, β, and ψ. Therefore,
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Figure 4.5. Earth-Moon Manifolds in Sun-Earth Frame: ψ = −95◦, α = β = 0◦
thousands of combinations of α, β, and ψ are examined and reflected in the final
strategy.
The location of perigee associated with each combination of α, β, and ψ must be
identified. Thus, the perigee location is defined by an angle κ as displayed in Figure
4.6. The angle κ is measured from the Sun-Earth x-axis in the counter-clockwise di-
rection. The two-body analysis suggests that the preferable κ angle for a Mars transfer
is approximately 300◦. The plot in Figure 4.7 demonstrates the perigee conditions
corresponding to the Earth-Moon manifold trajectories for hyperplane orientations in
terms of ψ from 0◦ to 360◦. The desired conditions recur periodically and offer possi-
bilities for potentially promising flyby conditions. The guidelines to design transfers
from the Earth-Moon L2 orbit to Mars, through Earth-Moon manifold trajectories
and incorporating a close Earth passage, are summarized as follows:
• The perigee condition for the trajectory integrated in the Sun-Earth system
must be verified. Generally, Earth passage distances that equal thousands of
kilometers or even tens of thousands of kilometers are adequate initial guesses to
be employed in a multiple shooting scheme. A maneuver is applied at the apogee
location along the manifold trajectory to achieve the desired perigee condition
as demonstrated in Figure 4.8. If the perigee condition is not desirable, there are
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Figure 4.6. Definition of κ: Perigee location




















Figure 4.7. Perigee Conditions
three options to improve the perigee guess. The first option is the selection of
a different manifold path. The second option involves the selection of alternate
values for the α and β combination. Changing two angles in an open search for
desirable perigee conditions without any guidance is clearly not a good design
strategy. However, by linking the ephemeris lunar location to the system model,
the departure date automatically determines α, i, and β. The third option is
the inclusion of a maneuver ∆V to better incorporate the perigee conditions
before the multiple shooting algorithm is applied.
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• To achieve a desirable flyby altitude, it is necessary to numerically correct the
trajectory. A multiple shooting scheme supplies a robust algorithm for this
task. A logical selection process to initially estimate the ∆V location, and
to update the perigee conditions, is the apogee of the extended Earth-Moon
manifold trajectory. In fact, the ∆V location varies only slightly from such
an initial guess during the numerical corrections process. In Figure 4.8, the
near-Earth views of an Earth-Moon manifold transfer are plotted. The apogee
maneuver location is indicated as ∆V1.
• The second ∆V is applied at the corrected perigee location for departure to
Mars. A departure ∆V is estimated by computing a Hohmann transfer arc.
Since the spacecraft is very near the Earth, it is convenient to calculate a V∞
value and use the two-body energy equation to estimate the ∆V at the perigee.
• When a transfer trajectory is computed, it is necessary to verify the location of
Mars corresponding to the specified time-of-flight. The best possible arrival date
is determined by identifying the best arrival conditions at Mars from a set of
the possible locations. The potential arrival dates do not necessarily supply the
desirable target location. Thus, the initial date requires modification to improve
Mars’ location at arrival. This modification obviously shifts the orientation of
the Earth-Moon system, and results in a change in the flyby conditions at
perigee. To minimize the change, the departure date is varied by increments,
each approximately 29.5 days, i.e., the lunar synodic period. Thus, the Moon
remains approximately at the same location in the Sun-Earth frame.
• After one possible Mars’ arrival location is determined, additional potential
final Mars’ locations are identified by varying the final time with the step size
corresponding to Mars’ synodic period which is approximately 780 days.
• Generally, additional ∆V locations lower the total ∆V requirements. A sug-
gested initial guess for an additional maneuver location is the maximum y-
excursion along the transfer path. The final location of the maneuver after the
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Figure 4.8. Earth-Moon Manifold Transfer from Earth-Moon L2:
Views near the Earth
numerical corrections process tends to remain close to this region even without
a location constraint as demonstrated in Figure 4.9.
• In this transfer scenario, the transfer arc associated with a Hohmann transfer is
not a sufficiently accurate approximation to serve as an adequate initial guess.
The initial guess can be improved by adjusting the ∆V before the multiple
shooting procedure is applied.
The results from the sample EML2 transfer cases appear in Table 4.2. The EMAz
amplitude is 25, 000 km. The departure opportunity recurs every two years. The time
spent near Earth until the second maneuver is approximately 160 days because of the
low energy dynamics associated with the manifold trajectories. The flyby altitude
is selected to be equal to 1, 000 km. The resulting total ∆V is significantly lower
than the first scenario via Sun-Earth manifold trajectories. However, the total time























Figure 4.9. Earth-Moon Manifold Transfer from Earth-Moon L2: The
location of the third maneuver is indicated by ∆V3.
Similar guidelines apply to EM manifold transfers from EML1 halo orbits. In this
case, unstable EMmanifold trajectories are propagated towards the Moon to escape to
the exterior region as demonstrated in Figure 4.10(a). This type of transfer, exploiting
the exterior region, is defined as an exterior transfer. The general transfer paths
are similar to the transfers from the L2 side as displayed in Figure 4.10(b); sample
results are listed in Table 4.2. As in the L2 examples, the time spent prior to the
second maneuver is approximately 160 days. Also, an additional scenario is considered
where unstable EM manifold trajectories are propagated towards the interior region.
A sample trajectory arc originating from an EML1 halo orbit in the Earth-Moon
rotating frame appears in Figure 4.11(a). This transfer type, exploiting the interior
region, is defined as an interior transfer. In the figure, an unstable manifold arc is
plotted in red. Two maneuvers are applied to target an desired Earth flyby. The first
maneuver occurs at a perigee and the second at an apogee. A sample trajectory arc
in the Sun-Earth rotating frame is displayed in Figure 4.11(b). Results from sample
cases for the interior transfers appear in Table 4.3. Generally, the time-of-flight values
are lower, but total ∆V values are higher than in exterior transfer cases.
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Figure 4.10. Earth-Moon L1 Manifold Exterior Transfer from Earth-
Moon L1: Unstable manifold trajectories propagated towards the ex-
terior region
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Figure 4.11. Earth-Moon L1 Manifold Interior Transfer from Earth-
Moon L1: An unstable manifold trajectory propagated towards the
interior region
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Table 4.2. Earth-Moon Manifold Exterior Transfers: EMAz = 25,000
km; Leg 1 is from the departure from EM halo to ∆V1. Leg 2 is from
∆V1 to ∆V2. Leg 3 is from ∆V2 to ∆V3.
Departure Date: Metric Leg 1 Leg 2 Leg 3 Total
EML2 Exterior Departure
May 28, 2026 TOF [days] 75 90 35 424
∆V [km/sec] 0.020 0.570 0.331 0.921
July 3, 2028 TOF [days] 75 77 45 380
∆V [km/sec] 0.003 0.450 0.307 0.759
October 7, 2030 TOF [days] 80 71 46 467
∆V [km/sec] 0.046 0.515 0.684 1.245
EML1 Exterior Departure
May 16, 2026 TOF [days] 89 73 41 441
∆V [km/sec] 0.006 0.391 0.500 0.897
June 21, 2028 TOF [days] 90 69 50 388
∆V [km/sec] 0.030 0.517 0.254 0.802
September 26, 2030 TOF [days] 90 71 46 487
∆V [km/sec] 0.020 0.463 0.207 0.690
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Table 4.3. Earth-Moon Manifold Interior Transfer: EMAz = 25,000
km; Leg 1 is from the departure from EM halo to ∆V1. Leg 2 is from
∆V1 to ∆V2. Leg 3 is from ∆V2 to ∆V3. Leg 4 is from ∆V3 to ∆V4.
Departure Date: Metric Leg 1 Leg 2 Leg 3 Leg 4 Total
EML2 Interior Departure
September 10, 2026 TOF [days] 32 17 13 32 330
∆V [km/sec] 0.199 0.275 0.489 0.232 1.196
October 17, 2028 TOF [days] 32 17 13 34 281
∆V [km/sec] 0.199 0.279 0.491 0.162 1.130
November 25, 2030 TOF [days] 32 17 13 40 241
∆V [km/sec] 0.199 0.278 0.459 0.252 1.188
EML1 Interior Departure
September 27, 2026 TOF [days] 16 17 14 37 318
∆V [km/sec] 0.200 0.252 0.583 0.166 1.201
November 3, 2028 TOF [days] 16 17 14 36 266
∆V [km/sec] 0.200 0.252 0.555 0.499 1.506
December 11, 2030 TOF [days] 16 17 14 36 252
∆V [km/sec] 0.200 0.252 0.367 0.701 1.520
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4.2.3 Direct Transfers
The third scenario involves direct transfers that do not exploit manifolds. In this
example, a maneuver is applied to depart an EML2 halo orbit and target a close flyby
at the Earth. In Figure 4.12, a departure trajectory in an Earth-Moon view is plotted
in gray. Since this scenario does not exploit manifolds, the time-of-flight is reduced
significantly. However, the direct transfer requires a significant level of ∆V to depart
an EML2 halo orbit. The corresponding guidelines are:
• In the departure EML2 halo orbit, a maneuver is introduced at the location
where the y-component is zero and the z-component is a maximum, as indicated
in Figure 4.12. This maneuver allows the spacecraft to move along a trajectory
arc and pass close to the Earth. The magnitude of the ∆V is adjusted to achieve
a desired perigee altitude.
• The propagated trajectory is transformed into the Sun-Earth frame by use of
the phase angles, α, i, and β. The direct transfers offer more flexibility in
selecting values of α and β than other scenarios. The angles (i.e., the location
of the Moon in its orbit) are selected such that the perigee occurs in the fourth
quadrant in the Sun-Earth frame for promising flyby conditions. In Figure
4.13(a), the x-y projection of the transformed path appears in gray.
• The process to compute the transfer trajectory from the Earth flyby to Mars is
the same as the procedure in the second scenario.
The results from the sample cases are summarized in Table 4.4. The EMAz value is
specified as 25, 000 km. This scenario delivers spacecraft to Mars in a significantly
shorter time than the second scenario. In Figure 4.13(a), the gray arc represents
the trajectory originally computed in the Earth-Moon system, as displayed in Figure
4.12. The time-of-flight along the arc is only about 6 days. However, the ∆V cost
is higher due to the fact that the maneuver to depart the EM halo orbit is larger.
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Figure 4.12. Direct Transfer from Earth-Moon L2: ∆V is applied to
leave a halo orbit.
Approximately 925 m/sec is required to depart a halo orbit and reach a suitable
perigee point, i.e., 1, 000 km altitude at Earth passage.
Similar guidelines apply to produce transfers from L1 halo orbits. A generally
successful location for placement of the first maneuver to depart an L1 halo orbit also
occurs where the y-component is zero, but the z-component is a minimum as plotted
in Figure 4.14. The size of the ∆V is still significant, e.g., 575 m/sec to depart an L1
halo orbit corresponding to an amplitude of 25,000 km Az, as noted in Table 4.4.
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Figure 4.13. Direct Transfer from Earth-Moon L2: Two additional
∆V s are applied to reach Mars.
Figure 4.14. Direct Transfer from Earth-Moon L1: ∆V is applied to
leave a halo orbit.
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Table 4.4. Direct Transfers: EMAz = 25,000 km; Leg 1 is from the
departure from EM halo to the Earth flyby. Leg 2 is from the Earth
flyby to ∆V3. Leg 3 is from ∆V3 to Mars.
Departure Date: Metric Leg 1 Leg 2 Leg 3 Total
EML2 Departure
November 4, 2026 TOF [days] 6 38 228 272
∆V [km/sec] 0.925 0.581 0.088 1.593
December 11, 2028 TOF [days] 6 38 162 206
∆V [km/sec] 0.925 0.580 0.130 1.635
March 18, 2031 TOF [days] 6 37 300 343
∆V [km/sec] 0.925 0.512 0.013 1.450
EML1 Departure
November 4, 2026 TOF [days] 5 39 234 277
∆V [km/sec] 0.575 0.591 0.049 1.215
December 11, 2028 TOF [days] 5 40 182 226
∆V [km/sec] 0.575 0.631 0.217 1.423
January 18, 2031 TOF [days] 5 38 150 193
∆V [km/sec] 0.575 0.450 0.550 1.575
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4.2.4 Transfers with Lunar Flyby
The fourth scenario is a transfer that exploits manifolds as well as a lunar flyby.
Rather than applying a maneuver to depart an L2 halo orbit and constructing Earth
flyby conditions, a maneuver is applied at perilune along an unstable EM manifold
trajectory, one that is approaching the Moon, to produce useful Earth flyby condi-
tions. Once the Earth flyby conditions are achieved, the guidelines are the same as
those for the third scenario that yield direct transfers. The time-of-flight from an L2
halo orbit to Earth is approximately 20 days for the sample results in Table 4.5. Note
that the selected EMAz is 5, 000 km. The departure arc along a sample trajectory
is displayed in Figure 4.15. The unstable manifold arc is in red. The first maneuver,
∆V1 is applied at the lunar flyby. The value of ∆V1 increases as a function of the
EMAz. However, an additional maneuver to depart a halo orbit reduces the amount
of ∆V to achieve the Earth flyby for larger halo orbits [58]. A sample trajectory
with a departure maneuver appears in Figure 4.16. The departure along the gray
trajectory appears smooth in the x-y projection, Figure 4.16(a), but not in the x-z
projection, Figure 4.16(b). The maneuver, ∆V1, primarily adjusts the velocity in
the z direction to achieve a lunar flyby at a 100-km altitude. A similar scenario is
constructed to depart from EML1 halo orbits. The gray trajectory departs an L1
halo orbit with a seemingly sharp change in direction in Figures 4.17(a)-(b), a shift
reflected in the ∆V . As predicted, the departure maneuver ∆V1 is higher in L1 cases
as summarized in Table 4.6. The total maneuver to achieve the Earth flyby from the
EML2 orbit and EML1 orbit are 329 m/sec and 500 m/sec, respectively. However, in
both cases, the maneuver cost is reduced from the ∆V values for the direct examples,
e.g., 925 m/sec for the L2 departure and 575 m/sec for the L1 departure.
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Table 4.5. EML2 Manifold Transfers with Lunar Flyby: EMAz =
5,000 km; Leg 1 is from the departure from EML2 to the Earth flyby.
Leg 2 is from the Earth flyby to ∆V3. Leg 3 is from ∆V3 to Mars.
Departure Date: Metric Leg 1 Leg 2 Leg 3 Total
October 21, 2026 TOF [days] 20 39 233 292
∆V [km/sec] 0.236 0.612 0.074 0.923
November 26, 2028 TOF [days] 20 39 195 253
∆V [km/sec] 0.236 0.590 0.165 0.991
January 3, 2031 TOF [days] 20 38 160 218
∆V [km/sec] 0.236 0.416 0.591 1.243
Figure 4.15. Transfer with Lunar Flyby from Earth-Moon L2: ∆V1 is
applied at a perilune.
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Figure 4.16. Transfer with Lunar Flyby from Earth-Moon L2: ∆V1 is
applied to leave a halo orbit. ∆V2 is applied at a perilune.
Figure 4.17. Transfer with Lunar Flyby from Earth-Moon L1: ∆V1 is
applied to leave a halo orbit. ∆V2 is applied at a perilune.
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Table 4.6. L1 and L2 Direct Transfers with Lunar Flyby: EMAz =
25,000 km; Leg 1 is from the departure from EM halo to the lunar
flyby. Leg 2 is from the lunar flyby to the Earth flyby. Leg 3 is from
the Earth flyby to ∆V4. Leg 4 is from ∆V4 to Mars.
Departure Date: Metric Leg 1 Leg 2 Leg 3 Leg 4 Total
EML2 Departure
October 25, 2026 TOF [days] 10 5 39 230 284
∆V [km/sec] 0.079 0.250 0.650 0.102 1.082
December 1, 2028 TOF [days] 10 5 40 195 249
∆V [km/sec] 0.079 0.250 0.666 0.155 1.150
January 7, 2031 TOF [days] 10 5 40 148 202
∆V [km/sec] 0.079 0.250 0.487 0.557 1.373
EML1 Departure
November 2, 2026 TOF [days] 2 3 34 231 271
∆V [km/sec] 0.230 0.270 0.495 0.324 1.319
December 9, 2028 TOF [days] 2 3 35 175 215
∆V [km/sec] 0.230 0.270 0.498 0.260 1.258
January 16, 2031 TOF [days] 2 3 36 170 210
∆V [km/sec] 0.230 0.270 0.304 1.038 1.842
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4.2.5 Transition to Higher-Fidelity Model
To evaluate the functionality of the blended model, results from each transfer
scenario are transitioned to a higher-fidelity model with ephemeris states and gravity
of Sun, Earth, Moon, and Mars. Sample results employing the ephemeris model are
listed in Table 4.7. Departure dates predicted from the blended model are reasonable
estimates for use in the ephemeris model. Also, time-of-flight values are estimated
quite well by the blended model. The total ∆V values generally increase after the
transition, but the increases are within a few hundred m/sec. Sample results for
an L1 transfer scenario with a lunar flyby are displayed in Figure 4.18; the path
originates from an EML1 halo orbit. The original EM halo orbit is in cyan, and
the transfer path is plotted in gray in Figures 4.18(a)-(b). The trajectory in the
ephemeris model is plotted in magenta. The results in the 19th and 20th rows in
Table 4.7 indicate that the EMAz increases from 25, 000 km to 29, 000 km after the
transition to the ephemeris model. However, the gray path is a good estimate and
the magenta trajectory appears to possess similar characteristics. In Figure 4.18(c),
the trajectory from the blended model is plotted in black, and the trajectory from
the ephemeris model is plotted in magenta in the Sun-Earth rotating frame. The
magenta trajectory follows a path similar to the black path.
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Table 4.7. Comparison of Results, Blended Model and Ephemeris:
EMAz for the ephemeris case is the mean of maximum Az values of
the quasi-halo orbit. (*: direct case with an additional maneuver)
# Case EMAz [km] Departure Date TOF [day] ∆V [km/sec]
1 SE Transfer Blended 25,000 June 16, 2022 350 3.495
2 SE Transfer Ephemeris 25,000 June 16, 2022 350 3.645
3 L2 EM Ext. Blended 25,000 July 3, 2028 380 0.759
4 L2 EM Ext. Ephemeris 23,000 July 3, 2028 377 0.850
5 L1 EM Ext. Blended 25,000 June 21, 2028 388 0.802
6 L1 EM Ext. Ephemeris 24,000 June 21, 2028 388 0.997
7 L2 EM Int. Blended 25,000 October 17, 2028 281 1.130
8 L2 EM Int. Ephemeris 23,000 October 17, 2028 281 1.455
9 L1 EM Int. Blended 25,000 November 3, 2028 266 1.505
10 L1 EM Int. Ephemeris 24,000 November 3, 2028 267 1.731
11 L2 Direct Blended 25,000 December 11, 2028 206 1.635
12 L2 Direct Ephemeris 27,000 December 11, 2028 204 1.619
13 L1 Direct Blended 25,000 December 4, 2028 226 1.423
14 L1 Direct Ephemeris 29,000 December 4, 2028 214 1.615
15 L2 Lunar Blended 5,000 November 26, 2028 253 0.991
16 L2 Lunar Ephemeris 6,000 November 26, 2028 250 1.096
17 L2 Lunar* Blended 25,000 December 1, 2028 249 1.150
18 L2 Lunar* Ephemeris 27,000 December 1, 2028 249 1.413
19 L1 Lunar* Blended 25,000 December 9, 2028 215 1.258
20 L1 Lunar* Ephemeris 29,000 December 9, 2028 212 1.415
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Figure 4.18. Direct Transfer with a Lunar Flyby from EML1 Halo
Orbit: EMAz = 25, 000 km. The departure date is December 9,
2028. The trajectory in the ephemeris model is plotted in magenta.
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5. TRANSFERS TO JUPITER
Transfers from the vicinity of the Earth to the vicinity of Jupiter have been investi-
gated due to great scientific interest in the planet Jupiter and the Jovian moons, in
particular [59–61]. Hence, various trajectory design strategies have been established,
and typically exploit multiple gravity assists with a chemical propulsion system or a
low thrust propulsion system. A Hohmann-type transfer trajectory is generally too
expensive to be implemented for a real mission [62,63]. Despite of the extensive inves-
tigation of trajectory design schemes, strategies for Earth-Moon libration point orbit
departures to deliver vehicles to Jupiter have not been explored. This investigation
examines the general procedures developed in the previous chapter for application to
a different destination object, Jupiter.
5.1 Model for Transfers to Jupiter
In this investigation, the blended combination of the Sun-Earth-Moon system
and the ephemeris Jupiter’s states is adopted as a system model. This is a similar
model formation to the one employed for Mars transfer scenarios. Since the orbital
characteristics of Mars’ and Jupiter’s orbits are similar in concept, except for the large
difference in the semi-major axis, a similar system model formulation is adequate for
constructing reasonable trajectory estimates in this investigation. The system model
is examined to ensure that the trajectories possess a reasonable level of accuracy for
a successful transition to a higher-fidelity model.
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5.2 Transfer Scenarios
Multiple transfer scenarios to Jupiter are examined, as in the Mars transfers. The
transfer scenarios are decomposed into two types depending on the departure scheme:
manifold transfers and direct transfers. Manifold transfers exploit a manifold path to
depart an EM halo orbit. On the other hand, direct transfers exploit a non-manifold
path to depart an EM halo orbit by applying a maneuver. Since each scenario pos-
sesses its own advantages and disadvantages, one scenario may be better suited for
certain mission requirements, and/or different destinations. General guidelines devel-
oped for the Mars transfers are sufficiently general to be applied to Jupiter transfer
scenarios with slight adjustments.
5.2.1 Transfers via Sun-Earth Manifolds
The first scenario for a transfer from an Earth-Moon halo orbit to Jupiter exploits
unstable Sun-Earth manifolds. The general procedure developed in Chapter 3 is
useful to compute a maneuver-free transfer from an EM halo orbit along a manifold
path associated with a SE halo orbit. This transfer scenario does not offer much
flexibility in the departure date since the combination of α and β values to compute
a halo-to-halo transfer between selected amplitudes EMAz and SEAz is limited as
is apparent in Figure 3.3. Based on the α and β values, multiple possible departure
dates can be identified. However, the location of Jupiter at the arrival time limits the
possible date ranges. The guidelines developed for the Mars transfers in Chapter 4.2.1
are sufficiently general to be applied for the Jupiter transfers under this scenario.
In Figure 5.1, a transfer trajectory to Jupiter is constructed by modification of the
conditions from the first case in Table 3.1. The ephemeris Jupiter orbit is displayed
in green in Figures 5.1(c)-(d). Earth-Moon manifold trajectories are in red in Figures
5.1(a)-(b) and Sun-Earth manifold trajectories are plotted in blue. Results for a
departure date of October 16, 2016 appear in Table 5.1. The departure date is
different from the Mars case even though the Mars and Jupiter transfer trajectories
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Figure 5.1. Transfer from Earth-Moon L2 to Jupiter via Sun-Earth
Manifold: EMAz = 25,000 km, SEAz = 163,200 km, ψ = -70 deg
are both constructed from the same EM-to-SE transfer conditions, i.e., the first case
in Table 3.1. Two locations where maneuvers occur are indicated in Figures 5.1(a)-
(d). The value of ∆V1 is similar to the estimated value from the planar Hohmann
transfer which is 7.905 km/sec from the same location along the manifold. The value
of ∆V2 is much smaller, but the maneuver aids in adjusting the transfer trajectory
to target the ephemeris Jupiter position. The average inclination of the ephemeris
Jupiter orbit is slightly smaller than the one of the Mars’ orbit, i.e., 1.31◦ versus
1.85◦ [49]. In addition, the semi-major axis is much larger than that of Mars’ orbit.
Hence, the increase of the total ∆V value due to the ephemeris Jupiter is smaller
than the one in the Mars case.
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Table 5.1. Sun-Earth Manifold Transfer: Leg 1 is from the departure
from EM halo to ∆V1. Leg 2 is from ∆V1 to ∆V2.
Departure Date Metric Leg 1 Leg 2 Total
October 16, 2016 TOF [days]] 68 44 1,093
∆V 7.923 0.277 8.200
5.2.2 Transfers via Earth-Moon Manifolds
The second scenario is a transfer that exploits an Earth-Moon manifold to depart
an Earth-Moon halo orbit. However, in this scenario, the trajectory continues on
the Earth-Moon manifold and returns to the vicinity of the Earth for an Earth flyby
to depart the vicinity of the Earth. Although the departure dates are more flexible
compared to the first scenario, still certain conditions must be satisfied at the Earth
to effectively gain energy via the Earth flyby. Earth flyby conditions are identified by
the flyby altitude and the angle κ as explained in Chapter 4.2.2. The guidelines for
the Jupiter transfer are the same as the Mars transfer except the preferable κ value,
and the value is approximately 326◦ for the Jupiter transfer. Exterior and interior
transfers are defined in Chapter 4.2.2. Both types of transfers are also available in
the Jupiter transfer.
The results from the sample EML2 transfers appear in Table 5.2. The EMAz
amplitude and the flyby altitude are selected to be equal to 25, 000 km and 1, 000
km, respectively. The departure opportunity recurs approximately every 400 days.
For the exterior transfer, the time spent near Earth until the second maneuver is
approximately 140 days. This value is 20 days shorter than the Mars scenario because
different trajectory path is required to accomplish the preferable flyby conditions.
The difference in the trajectory paths between Mars and Jupiter exterior transfers is
apparent when trajectories in Figure 4.8 and Figure 5.2 are observed. As in the Mars
transfers, the resulting total ∆V is significantly lower than the first scenario, and
the total time of flight is 100-200 days longer than in the first scenario. A complete
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Figure 5.2. Earth-Moon Manifold Exterior Transfer from Earth-Moon
L2: Views near the Earth
transfer appears in Figure 5.3. Even though the black trajectory arc to Jupiter is
much longer than the Mars transfer arc, the transfer is achievable by following the
same guideline to apply an additional maneuver.
The sample results from EML1 transfers appear in Table 5.3. The time spent
prior to the second maneuver for the exterior transfers is approximately 150 days.
Thus, the time is approximately 10 days longer than the time for EML2 transfers. A
sample exterior transfer from EML1 halo orbit appears in Figure 5.4. In addition, a
sample trajectory arc for the interior transfer appears in Figure 5.5. The inclination
of the transfer trajectory at the Earth flyby with respect to the ecliptic plane affects
the total ∆V significantly. Generally, a low inclination angle is preferred for Jupiter
transfers. The inclination angle is constrained to be 10 degrees with respect to the
Earth-Moon plane for the sample results listed in Table 5.3. The inclination value
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Figure 5.3. Earth-Moon Manifold Exterior Transfer from Earth-Moon
L2: The location of the third maneuver is indicated by ∆V3.
with respect to the ecliptic plane changes as the departure date changes, but the
inclination change is relatively small since the average inclination angle of Moon’s
orbit with respect to the ecliptic plane is approximately 5 degrees. Similarly to the
Mars transfers, generally, the interior transfers require higher total ∆V values than
the exterior transfers, but the time-of-flight values are shorter.
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Figure 5.4. Earth-Moon L1 Manifold Exterior Transfer from Earth-
Moon L1: Unstable manifold trajectories propagated towards the ex-
terior region
Figure 5.5. Earth-Moon L1 Manifold Interior Transfer from Earth-
Moon L1: An unstable manifold trajectory propagated towards the
interior region
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Table 5.2. Earth-Moon Manifold Exterior Transfers: EMAz = 25,000
km; Leg 1 is from the departure from EM halo to ∆V1. Leg 2 is from
∆V1 to ∆V2. Leg 3 is from ∆V2 to ∆V3.
Departure Date: Metric Leg 1 Leg 2 Leg 3 Total
EML2 Exterior Departure
December 21, 2020 TOF [days] 84 56 44 1,065
∆V [km/sec] 0.014 4.225 0.275 4.514
February 8, 2022 TOF [days] 83 58 38 1,233
∆V [km/sec] 0.024 4.000 0.400 4.424
February 27, 2023 TOF [days] 83 59 41 1,116
∆V [km/sec] 0.010 3.159 0.440 3.609
EML1 Exterior Departure
December 13, 2020 TOF [days] 105 53 38 1,224
∆V [km/sec] 0.091 3.509 0.589 4.190
January 1, 2022 TOF [days] 97 58 49 1,118
∆V [km/sec] 0.024 2.902 1.597 4.524
February 18, 2023 TOF [days] 96 61 39 1,190
∆V [km/sec] 0.005 3.389 0.299 3.692
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Table 5.3. Earth-Moon Manifold Interior Transfer: EMAz = 25,000
km; Leg 1 is from the departure from EM halo to ∆V1. Leg 2 is from
∆V1 to ∆V2. Leg 3 is from ∆V2 to ∆V3. Leg 4 is from ∆V3 to ∆V4.
Departure Date: Metric Leg 1 Leg 2 Leg 3 Leg 4 Total
EML2 Interior Departure
March 17, 2021 TOF [days] 32 17 13 37 1,035
∆V [km/sec] 0.199 0.275 3.529 0.956 4.960
April 5, 2022 TOF [days] 32 17 13 46 1,011
∆V [km/sec] 0.199 0.275 2.794 1.198 4.466
May 23, 2023 TOF [days] 32 17 13 41 1,086
∆V [km/sec] 0.199 0.275 3.293 0.471 4.239
EML1 Interior Departure
April 2,2021 TOF [days] 16 17 14 44 1,139
∆V [km/sec] 0.200 0.252 3.450 0.735 4.637
April 21, 2022 TOF [days] 16 17 14 46 1,006
∆V [km/sec] 0.200 0.252 2.928 1.004 4.384
June 8, 2023 TOF [days] 16 17 14 44 1,129
∆V [km/sec] 0.200 0.252 3.317 0.373 4.142
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5.2.3 Direct Transfers
The third scenario is a transfer that exploits a non-manifold trajectory with a
maneuver to depart an EM halo orbit. The maneuver is applied to target a close
flyby at the Earth. The departure trajectory in Figure 5.6 is exactly the same as
the departure trajectory for the Mars transfer in Figure 4.12 despite of the difference
in the preferable angle κ. Since the preferable κ value is accomplished by shifting
the orientation of the Earth-Moon system, it is possible to exploit the same EM
departure arc for the both Mars and Jupiter transfers. The guidelines developed in
Chapter 4.2.3 are also applicable to the Jupiter transfer.
The results from the sample cases are summarized in Table 5.4. The EMAz value
and the Earth flyby amplitude are specified as 25, 000 km and 1, 000 km, respectively.
Since the departure trajectory up to the Earth flyby is the same as the Mars transfer,
the departure ∆V and the time-of-flight to the Earth flyby do not change from the
Mars direct transfers. Approximately, 925 m/sec and 575 m/sec are required to
depart EML2 and EML1 halo orbits, respectively. The time-of-flight values are 6
days and 5 days for EML2 and EML1 departures, respectively. The EML1 departure
arc appears in 5.7. The location of the ∆V1 is indicated in the figure. The gray arc in
Figures 5.8(a)(c) represents the departure trajectory displayed in Figures 5.6-5.7 in
the Sun-Earth system. The gray arcs in Figures 5.8(a)(c) have the same orientation
since departure dates are the same, i.e., July 16, 2023. However, the EML1 departure
arc in Figure 5.8(a) is shorter than the EML2 departure arc in Figure 5.8(c).
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Figure 5.6. Direct Transfer from Earth-Moon L2: ∆V is applied to
leave a halo orbit.
Figure 5.7. Direct Transfer from Earth-Moon L1: ∆V is applied to
leave a halo orbit.
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Figure 5.8. Direct Transfer from Earth-Moon Halo Orbit: (a)-(b)
EML1 departure, departure date: July 16, 2023, (c)-(d) EML2 depar-
ture, departure date: July 16, 2023
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Table 5.4. Direct Transfers: EMAz = 25,000 km; Leg 1 is from the
departure from EM halo to the Earth flyby. Leg 2 is from the Earth
flyby to ∆V3. Leg 3 is from ∆V3 to Jupiter.
Departure Date: Metric Leg 1 Leg 2 Leg 3 Total
EML2 Departure
May 10, 2021 TOF [days] 6 41 1,016 1,063
∆V [km/sec] 0.925 3.356 0.844 4.125
May 28, 2022 TOF [days] 6 48 953 1,008
∆V [km/sec] 0.925 2.608 1.390 4.922
July 16, 2023 TOF [days] 6 40 975 1,021
∆V [km/sec] 0.925 3.323 0.347 4.595
EML1 Departure
May 10, 2021 TOF [days] 5 40 953 997
∆V [km/sec] 0.575 3.634 0.764 4.973
May 28, 2022 TOF [days] 5 50 908 962
∆V [km/sec] 0.575 2.844 1.632 5.051
July 16, 2023 TOF [days] 5 44 1,004 1,052
∆V [km/sec] 0.575 3.399 0.307 4.281
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5.2.4 Transfers with Lunar Flyby
For the fourth scenario, Earth-Moon manifolds as well as a lunar flyby are ex-
ploited. An EML2 departure arc appears in Figure 5.9. The EM manifold trajectory
is in red, and the non-manifold trajectory after ∆V1 is in gray. The lunar flyby
amplitude is selected to be equal to 100 km. Once the departure trajectory in the
Earth-Moon system is computed, the guidelines to compute the rest of the transfer
are the same as those for the direct transfers. However, as mentioned in Chapter
4.2.4, this scenario is feasible only for the EML2 departure with a low EMAz. The
sample results for the EMAz at 5, 000 km are listed in Table 5.5. The value of ∆V1
is approximately 390 m/sec. This value is higher than that for the Mars transfer
scenario, i.e., 236 m/sec. The increase in ∆V1 is required to reduce the inclination
angle, with respect to the ecliptic plane, at the Earth flyby from 37 degrees to 19
degrees. This inclination reduction can save more than 1 km/sec of total ∆V for the
Jupiter transfer scenario. An additional maneuver to depart a halo orbit reduces the
magnitude of ∆V to achieve the Earth flyby for larger halo orbits [58]. A sample
trajectory departing from an EML2 halo orbit appears in Figure 5.10. The gray tra-
jectory appears similar to that for the Mars transfer in Figure 4.16 up to the lunar
flyby. However, the trajectory significantly differs from the Mars transfer trajectory
after the lunar flyby in Figure 4.16. The gray trajectory in Figure 5.10 has much
smaller inclination with respect to the ecliptic plane. In fact, the inclination value
for the Jupiter transfer is reduced to 20 degrees from 64 degrees in the Mars trans-
fer. Therefore, the ∆V2 value is increased to 732 m/sec from 250 m/sec in the Mars
transfer. A sample trajectory of the EML1 departure appears in Figures 5.11. For
the EML1 departure, the same departure trajectory as that for the Mars transfer is
exploited since it is not necessary to reduce the inclination from the Mars transfer.
The inclination angle is very small as plotted in Figures 4.17(b). Thus, the ∆V2 value
remains the same from the one in the Mars transfer, Table 5.6. The total maneuver,
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Table 5.5. EML2 Manifold Transfers with Lunar Flyby: EMAz =
5,000 km; Leg 1 is from the departure from EML2 to the Earth flyby.
Leg 2 is from the Earth flyby to ∆V3. Leg 3 is from ∆V3 to Jupiter.
Departure Date: Metric Leg 1 Leg 2 Leg 3 Total
April 26, 2021 TOF [days] 20 44 1,029 1,093
∆V [km/sec] 0.390 3.729 0.771 4.890
May 14, 2022 TOF [days] 20 43 674 737
∆V [km/sec] 0.390 3.517 0.383 4.290
July 2, 2023 TOF [days] 20 44 1,034 1,098
∆V [km/sec] 0.390 3.489 0.211 4.090
Figure 5.9. Transfer with Lunar Flyby from Earth-Moon L2: ∆V1 is
applied at a perilune.
in Table 5.6, to achieve the Earth flyby from the EML2 orbit and EML1 orbit are
reduced from the direct examples in Tables 5.4.
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Figure 5.10. Transfer with Lunar Flyby from Earth-Moon L2: ∆V1 is
applied to leave a halo orbit. ∆V2 is applied at a perilune.
Figure 5.11. Transfer with Lunar Flyby from Earth-Moon L1: ∆V1 is
applied to leave a halo orbit. ∆V2 is applied at a perilune.
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Table 5.6. L1 and L2 Direct Transfers with Lunar Flyby: EMAz =
25,000 km; Leg 1 is from the departure from EM halo to the lunar
flyby. Leg 2 is from the lunar flyby to the Earth flyby. Leg 3 is from
the Earth flyby to ∆V4. Leg 4 is from ∆V4 to Jupiter.
Departure Date: Metric Leg 1 Leg 2 Leg 3 Leg 4 Total
EML2 Departure
April 30, 2021 TOF [days] 10 4 39 877 930
∆V [km/sec] 0.079 0.732 3.697 0.503 4.011
May 19, 2022 TOF [days] 10 4 45 705 764
∆V [km/sec] 0.079 0.732 3.097 1.102 5.010
July 6, 2023 TOF [days] 10 4 43 997 1,054
∆V [km/sec] 0.079 0.732 3.486 0.313 4.610
EML1 Departure
May 7, 2021 TOF [days] 2 3 40 943 989
∆V [km/sec] 0.230 0.270 3.106 0.849 4.456
June 24,2022 TOF [days] 2 3 35 1,037 1,077
∆V [km/sec] 0.230 0.270 3.849 0.041 4.390
July 14,2023 TOF [days] 2 3 43 940 988
∆V [km/sec] 0.230 0.270 3.052 0.611 4.163
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5.2.5 Transition to Higher-Fidelity Model
Results from each transfer scenario are transitioned to a higher-fidelity model.
The higher-fidelity model includes the ephemeris states and the gravity of Sun, Earth,
Moon, and Jupiter. In Table 5.7, the sample results transitioned to the ephemeris
model are listed. Similarly to the sample results for the Mars transfers, the departure
dates are predicted well in the blended model. For the Mars sample results, the
largest percentage change value of the time-of-flight between the blended model and
the ephemeris model is approximately 5 %, and the rest are less than 2 %. On the
other hand, for the Jupiter sample results, the largest percentage change value is
approximately 14 %, and five other values are more than 2 %. In addition, for these
six cases, the time-of-flight values decrease after the transition to a higher-fidelity
model. The main cause of the decrease is the Jupiter’s gravitational influence in
the ephemeris model. The gravitational pull by Jupiter helps to reach Jupiter in a
shorter flight time. The total ∆V values generally increase after the transition, but
the increase is within a few hundred m/sec. The largest percentage change value is
approximately 5 %. Sample results from an L2 interior transfer scenario are displayed
in Figure 5.12. EM manifold and non-manifold trajectories from the blended model
are in red and black, respectively. The ephemeris trajectory is plotted in magenta.
The Jupiter’s trajectory is plotted in green in Figure 5.12(d). The change in the
time-of-flight is the largest in this example, i.e., 142 days, and the difference in the
arrival date is clearly indicated in Figure 5.12(d). However, the magenta trajectory
still follows a similar path to the estimate trajectory in Figure 5.12(a)-(d).
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Table 5.7. Comparison of Results, Blended Model and Ephemeris:
EMAz for the ephemeris case is the mean of maximum Az values of
the quasi-halo orbit. (*: direct case with an additional maneuver)
# Case EMAz [km] Departure Date TOF [day] ∆V [km/sec]
1 SE Transfer Blended 25,000 October 16, 2022 1,093 8.200
2 SE Transfer Ephemeris 24,000 October 16, 2022 1,077 8.117
3 L2 EM Ext. Blended 25,000 February 8, 2022 1,233 4.424
4 L2 EM Ext. Ephemeris 25,000 February 8, 2022 1,221 4.522
5 L1 EM Ext. Blended 25,000 January 1, 2022 1,118 4.524
6 L1 EM Ext. Ephemeris 25,000 January 1, 2022 1,009 4.550
7 L2 EM Int. Blended 25,000 April 5, 2022 1,011 4.466
8 L2 EM Int. Ephemeris 26,000 April 5, 2022 869 4.576
9 L1 EM Int. Blended 25,000 April 21, 2022 1,006 4.384
10 L1 EM Int. Ephemeris 25,000 April 21, 2022 946 4.475
11 L2 Direct Blended 25,000 May 28, 2022 1,008 4.922
12 L2 Direct Ephemeris 23,000 May 28, 2022 905 5.127
13 L1 Direct Blended 25,000 May 28, 2022 962 5.051
14 L1 Direct Ephemeris 25,000 May 28, 2022 906 5.182
15 L2 Lunar Blended 5,000 May 14, 2022 737 4.290
16 L2 Lunar Ephemeris 4,000 May 14, 2022 742 4.491
17 L2 Lunar* Blended 25,000 May 19, 2022 764 5.010
18 L2 Lunar* Ephemeris 25,000 May 19, 2022 773 5.098
19 L1 Lunar* Blended 25,000 June 24, 2022 1,077 4.390
20 L1 Lunar* Ephemeris 24,000 June 24, 2022 1,035 4.554
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Figure 5.12. EM Manifold Interior Transfer from EML2 Halo Orbit:
EMAz = 25, 000 km. The departure date is April 5, 2022. The
trajectory in the ephemeris model is plotted in magenta.
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6. TRANSFER OPTIONS TO ASTEROID: 2006RH120
The Galileo spacecraft’s flyby of 951 Gaspra in 1991 was the first ever spacecraft
visit to an asteroid [64]. Since then, more than a dozen flybys of asteroids have
been accomplished. In 2010, Hayabusa spacecraft successfully returned to Earth
with asteroid samples after it landed on 25143 Itokawa in 2005 [65, 66]. Similarly,
more than a dozen of comet flybys have been accomplished to date. Most recently, in
2014, the Rosetta spacecraft accomplished a rendezvous with comet 67P/Churyumov-
Gerasimenko [67,68]. For all successful observations of asteroids and comets, scientists
still have little conclusive knowledge, and interest in scientific missions to small bodies
is growing.
6.1 Transfers to Small Bodies
Recent interest in near-Earth asteroids (NEAs) is not only due to the scientific
benefits. These NEAs have been suggested as sources of rare Earth metals [69–71].
The idea of NEA mining seems futuristic. However, the NEA mining can bring
great economical benefits if it becomes a reality. One of many challenges for the
NEA mining establishment is the construction of an economical transportation system
between Earth and NEAs. One possible way to access NEAs is to exploit an Earth-
Moon libration point orbit as a staging point for departure and arrival, and this
option significantly reduces the amount of propellant than employing a low Earth
orbit as a staging point [69]. The apparent growing interest in asteroids has inspired
researchers to investigate the feasibility of designing missions to/from NEAs [72–74].
However, trajectory design from Earth-Moon libration point orbits to NEAs is not
well understood. In this investigation, a general procedure to design trajectories from
EM libration point orbits to an asteroid is developed.
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6.2 2006RH120
The asteroid 2006RH120 is one of many small near-Earth asteroids. This asteroid
was discovered in 2006 when it was temporarily captured in the vicinity of Earth [75].
The size of 2006RH120 is estimated to be about 5 meters in diameter [74], and its
Keplerian elements [75] are listed in Table 6.1. The semi-major axis of 2006RH120
is slightly larger than the semi-major axis of the Earth orbit, and the asteroid’s or-
bit is also more eccentric. These features produce an oscillating movement as the
path appears in the Sun-Earth rotating frame in Figure 6.1. Also, as demonstrated
in Figure 6.1, 2006RH120 moves in the clockwise direction in the Sun-Earth rotat-
ing frame. This asteroid is one of a set of good candidates for an asteroid capture
type mission, and different types of trajectory design to/from 2006RH120 has been
investigated [72,74,76]. In this investigation, 2006RH120 is selected as a sample near-
Earth asteroid to demonstrate the trajectory design by general guidelines developed
for near-Earth asteroids.
6.3 Transfer Scenarios
Multiple transfer scenarios are examined to reach 2006RH120. One significant
difference from previously investigated transfers is the length of the synodic period
Table 6.1. Osculating Keplerian Elements of 2006RH120: Date on
March 14 2012 in heliocentric ecliptic J2000 frame
Element Number Unit
Semi-major axis 1.0333 AU
Eccentricity 0.0245 -
Inclination 0.5953 deg
Right ascension of ascending node 51.1527 deg
Argument of periapsis 10.0730 deg
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Figure 6.1. Orbit of 2006RH120 in Sun-Earth Rotating Frame: from
January 01 2015 to December 08 2033, the direction of motion indi-
cated by an arrow
of 2006RH120. As apparent in Figure 6.1, it requires nearly 19 years for 2006RH120
to return to approximately the same location in the Sun-Earth rotating frame. In
addition, the semi-major axis of the asteroid orbit has the same order of magni-
tude as the semi-major axis of the Earth orbit. Thus, it is expected that reaching
2006RH120 from Earth requires less energy than traveling to Mars or Jupiter. Due
to these differences, a different approach is necessary to design transfers to the as-
teroid. However, the blended model is still applicable as the system model. The
blended Sun-Earth-Moon model with the ephemeris 2006RH120 states represents the
Sun-Earth-Moon-2006RH120 system for this investigation.
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6.3.1 Transfers via Sun-Earth Manifolds
One possible transfer scenario exploits unstable Sun-Earth manifolds. In Mars
and Jupiter transfer scenarios, SE manifold trajectories associated with SEL2 halo
orbits are exploited. However, these L2 manifold trajectories are not useful to transfer
to 2006RH120. The asteroid orbit during a selected window from January 01 2020 to
January 01 2025 appears in Figure 6.2. If a spacecraft departs the vicinity of Earth
for 2006RH120 in the near future, arrival at the asteroid can occur during the period
of time. Yárnoz et al. investigated reasonable return trajectories from 2006RH120
to EM libration point orbits [74]. According to their investigation, if the spacecraft
departs 2006RH120 on May 11 2023, it requires about 5.31 years to reach an EM halo
orbit using 107 m/sec of ∆V . The location of 2006RH120 on the departure date is
indicated by a red dot in Figure 6.2. If an asteroid target arrival date is specified before
May 11 2023, it is reasonable to travel in the counter-clockwise direction. However,
unstable manifold paths associated with SEL2 halo orbits are not suitable since they
revolve in the clockwise direction in the exterior regions as plotted in Figure 6.3. A
better option is to exploit unstable manifold paths associated with SEL1 halo orbits.
These paths move towards the interior region, but in the counter-clockwise direction
as demonstrated in Figure 6.3. To link EM and SE manifold paths, the general
procedure developed in Chapter 3 can be still applied, as in previous chapters, i.e.,
Mars and Jupiter transfer scenarios. The guidelines for computing successful transfers
under this scenario are:
• A proper angle combination (α, i, and β) for a free transfer from an Earth-Moon
L2 halo orbit to a Sun-Earth L1 halo orbit is obtained from the general procedure
in Chapter 3. Then, possible departure dates are identified by comparing the
angle combination with the phase angles corresponding to the ephemeris Moon’s
orbital position. Since a certain angle combination must be satisfied, possible
departure dates are limited.
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• Unstable manifold trajectories associated with the specified SEL1 halo orbit are
propagated towards the interior region with the ephemeris 2006RH120’s orbit
arcs based on the possible departure dates and the total time-of-flight.
• The total time-of-flight is the sum of the EM-to-SE transfer time and the un-
stable SE manifold propagation time. However, it is necessary to identify the
transition point between the stable SE manifold path and the unstable SE man-
ifold path. A non-smooth transition, e.g., an overlap or a missing link between
stable and unstable manifold paths, causes an error in computing the total time-
of-flight. A good transition point is located on the x-axis where the SE stable
manifold path reaches its apogee as plotted in Figure 6.4.
• Final conditions along the manifold trajectories are compared with the ephemeris
2006RH120 arcs. The arrival date with the best conditions, i.e., the shortest
arrival distance to 2006RH120, is selected as a candidate for the arrival date.
However, reasonable arrival conditions are available for limited values of time-
of-flight due to the EM-to-SE transfer constraints. The propagation time of
unstable manifold trajectories can be varied to obtain reasonable arrival condi-
tions.
• Based on the arrival conditions, a manifold trajectory is selected. Then, two
maneuvers are applied by implementing a multiple shooting scheme. The first
maneuver is applied to adjust the timing of the arrival. The second maneuver
is applied to target the asteroid.
The angle combination to construct a maneuver-free EM-to-SE transfer for a sample
transfer trajectory is listed in Table 6.2. For a selected EMAz, i.e., 25,000 km, the
proper SEAz is 151,100 km when the hyperplane angle, ψ, is selected to be 100 deg.
Different values of SEAz are available by selecting different ψ values as demonstrated
in Figure 3.3. In Figure 6.5, the sample transfer trajectory is constructed. The
ephemeris 2006RH120 orbit is displayed in Figure 6.5 (c)-(d). Earth-Moon manifold
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Figure 6.2. Orbit of 2006RH120 in Sun-Earth Rotating Frame: pos-
sible arrival window from January 01 2020 to January 01 2025
trajectories are in red in Figure 6.5 (a)-(b). Two maneuver locations are indicated in
Figure 6.5 (c)-(d). The value of ∆V1 is 58 m/sec as listed in Table 6.3. This value is
relatively small compared to the value of ∆V2, i.e., 737 m/sec. Thus, the arrival epoch
of the transfer trajectory constructed by a Sun-Earth manifold path is a reasonable
estimate. The difference in arrival velocity between the spacecraft and 2006RH120 is
809 m/sec (See Table 6.3). The estimated arrival velocity difference from the data
for the Rosetta mission is 794 m/sec [67]. Hence, the value, 809 m/sec, is a feasible
maneuver size.
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Figure 6.3. Unstable Manifold Associated with SEL1 and SEL2 halo
orbits: (a) L1 manifold paths move in counter-clockwise. L2 manifold
paths move in clockwise. (b) A zoom-in view of manifold paths near
Earth
Figure 6.4. Stable Sun-Earth L1 Manifold Path: The transition point
is at the apogee. (a) x-y projection (b) x-z projection
Table 6.2. Sample Conditions for Maneuver-Free Transfer from Earth-
Moon L2 Halo Orbit to Sun-Earth L1 Halo Orbit
Type EMAz [km] SEAz [km] ψ [deg] α [deg] i [deg] β [deg]
EML2 to SEL1 25,000 151,100 100 -29.99 5 -136.34
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Table 6.3. Sun-Earth Manifold Transfer: EMAz = 25,000 km; Leg 1
is from the departure from EM halo to ∆V1. Leg 2 is from ∆V1 to
∆V2. Leg 3 is from ∆V2 to 2006RH120.
Departure Date Metric Leg 1 Leg 2 Leg 3 Total
March 28, 2017 TOF [days] 586 1,009 166 1,762
∆V [km/sec] - 0.058 0.737 0.795
Arrival V. Diff. [km/sec] - - 0.809 -
Figure 6.5. Transfer from Earth-Moon L2 to 2006RH120 via Sun-
Earth Manifold: EMAz = 25,000 km, SEAz = 151,100 km, ψ = 100
deg
103
6.3.2 Transfers via Earth-Moon Manifolds
For the second scenario, an Earth-Moon manifold is exploited to construct a trans-
fer trajectory. In this scenario, departure conditions are not as limited as in the
Sun-Earth manifold scenario. The flexibility in the departure dates allows the design
space to expand. Although the expansion is a great advantage to construct various
transfer trajectories, the search for a desired transfer path requires more iterations
in a try-and-error process without a proper design procedure. To simplify the de-
sign process, Jacobi constant values are exploited. The general guidelines for both of
EML1 and EML2 departures are summarized as follows:
• There are a number of possible combinations of the phase angles, α, i, and
β, that are available to transform Earth-Moon manifold trajectories into the
Sun-Earth system. Note that much less flexibility is available for EM manifold
transfers to Mars and Jupiter due to the specific Earth flyby conditions. To
evaluate the validity of a selected combination, trajectories are propagated, in
the Sun-Earth system, from the transformed manifold trajectories. Then, at
least one of the propagated trajectories must flow into the interior region.
• Multiple departure dates are available for the selected angle combination. To
select a desirable departure date, arrival conditions corresponding to the prop-
agated trajectories must be examined. The arrival conditions are determined
by specifying the time-of-flight.
• According to the arrival conditions, a desirable Earth-Moon manifold path is
selected as a candidate for constructing a transfer. However, usually, the se-
lected path does not approach the asteroid as desired. Then, the departure
date and/or the time-of-flight can be adjusted to acquire a better set of arrival
conditions.
• The departure date can be conveniently changed by days or months to achieve
desirable arrival conditions.
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• The flexibility in the design space allows multiple possible arrival dates. One
useful design criterion to select an arrival date is the arrival velocity difference
between the spacecraft and the asteroid. However, the velocity difference cannot
be computed until the end of the design process when the transfer trajectory
is numerically corrected. It is not convenient nor time-efficient to delay till the
end of the process to discover that the velocity difference is too large. Thus,
it is desirable to establish a systematic method to gain insight into the arrival
velocity difference as soon as possible.
• A clue for predicting the arrival velocity difference is available by evaluating the
difference in the value of the Jacobi constant between the transfer trajectory
and 2006RH120. The Jacobi constant value corresponding to the Earth-Moon
manifold path, which is propagated in the Sun-Earth system, is constant. How-
ever, the Jacobi constant value corresponding the asteroid varies over time since
the ephemeris states of 2006RH120 are implemented. Hence, it is necessary to
identify a proper arrival time to achieve a low velocity difference.
• Two sample manifold paths are plotted in Figure 6.6 (a)-(b). In Figure 6.6 (c),
Case 1, the Jacobi constant value associated with the manifold path is indicated
by a black line, and the Jacobi constant value reflecting the asteroid state at
the final time is indicated by a green dot. Since a lower Jacobi constant value
implies a higher energy. The asteroid has a higher energy than the manifold
path in Case 1. Similarly, the manifold path has a higher energy than the
asteroid in Case 2.
• To target a rendezvous with 2006RH120, the manifold path is numerically cor-
rected with maneuvers. This process increases the energy of the path, i.e., the
Jacobi constant value is decreased. In Case 2, the energy change widens the
Jacobi constant value difference by lowering the black line. Alternately, in Case
1, the difference is narrowed by lowering the black line. Thus, Case 1 produces
a lower arrival velocity difference than the example in Case 2.
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These guidelines apply to both of EM L1 and L2 halo departures. For both cases,
EM manifold trajectories are propagated to escape to the exterior region as plotted
in Figure 6.7. This type of transfer, exploiting the exterior region, is defined as
an exterior transfer. Results from sample cases are summarized in Table 6.4. The
EMAz is 25,000 km. In the table, the departure date recurs every 2 years. However,
departure dates are flexible and not limited to those years. Various combinations of
TOF and ∆V values allow a wide range of departure dates. The total ∆V values
are approximately 400-500 m/sec, which are smaller than the value in the previous
scenario. In addition, arrival velocity difference values are approximately 500-600
m/sec. They are a few hundred m/sec less than the value representing the Rosetta
mission, i.e., 794 m/sec [67]. A sample transfer trajectory appears in Figure 6.9. The
trajectory in the Earth-Moon view is projected in Figure 6.9(a)-(b). The transfer
trajectory in black continues along the EM manifold in the SE view in Figure 6.9(c).
Locations of ∆V1 and ∆V2 are indicated in Figure 6.9(d).
An additional scenario is considered where unstable EM manifold trajectories are
propagated towards the interior region as plotted in Figure 6.8. This transfer type,
exploiting the interior region, is defined as an interior transfer. In the figure, an
unstable manifold arc is plotted in red. Two maneuvers are applied to target an
desired Earth flyby. The first maneuver occurs at a perigee and the second at an
apogee. Results from sample cases for the interior transfers appear in Table 6.5.
Generally, the time-of-flight values are similar, but total ∆V values are higher than
in the exterior transfer cases.
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Figure 6.6. Jacobi Constant Values: EMManifold and 2006RH120 (a)
Case 1: x-y projection of EM manifold path and 2006RH120’s orbit,
(b) Case 2: x-y projection of EM manifold path and 2006RH120’s
orbit, (c) Case 1: Jacobi constant values, (d) Case 2: Jacobi constant
values
Figure 6.7. EMManifold Exterior Transfers (a) EML1 halo departure,
(b) EML2 halo departure
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Figure 6.8. EM Manifold Interior Transfers (a) EML1 halo departure,
(b) EML2 halo departure
Figure 6.9. Earth-Moon Manifold Transfer from Earth-Moon L2 Halo
Orbit: EMAz at 25,000 km, EM halo orbit in cyan, EM manifold
paths in red (a) x-y projection in the EM view, (b) x-z projection in
the EM view, (c) Transfer trajectory near Earth in the SE view, (d)
Whole transfer trajectory in the SE view
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Table 6.4. Earth-Moon Manifold Exterior Transfers: EMAz = 25,000
km; Leg 1 is from the departure from EM halo to ∆V1. Leg 2 is from
∆V1 to ∆V2.
Departure Date: Metric Leg 1 Leg 2 Total Arrival
EML2 Exterior Departure
November 4, 2016 TOF [days] 203 1,806 2,149 -
∆V [km/sec] 0.098 0.352 0.450 0.496
November 12, 2018 TOF [days] 204 1438 1,784 -
∆V [km/sec] 0.081 0.351 0.454 0.467
November 19, 2020 TOF [days] 203 1069 1,415 -
∆V [km/sec] 0.074 0.326 0.400 0.479
EML1 Exterior Departure
September 23, 2016 TOF [days] 255 1613 2,129 -
∆V [km/sec] 0.187 0.363 0.550 0.596
October 2, 2018 TOF [days] 264 1352 1,788 -
∆V [km/sec] 0.106 0.385 0.491 0.497
November 6, 2020 TOF [days] 209 1031 1,400 -
∆V [km/sec] 0.101 0.311 0.412 0.495
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Table 6.5. Earth-Moon Manifold Interior Transfer: EMAz = 25,000
km; Leg 1 is from the departure from EM halo to ∆V1. Leg 2 is from
∆V1 to ∆V2. Leg 3 is from ∆V2 to ∆V3. Leg 4 is from ∆V3 to ∆V4.
Leg 5 is from ∆V4 to ∆V5.
Departure Date: Metric Leg 1 Leg 2 Leg 3 Leg 4 Leg 5 Total Arrival
EML2 Interior Departure
October 15, 2016 TOF [days] 32 17 13 167 1,584 2,114 -
∆V [km/sec] 0.199 0.278 0.047 0.048 0.352 0.924 0.594
October 23, 2018 TOF [days] 32 17 13 166 1,354 1,775 -
∆V [km/sec] 0.199 0.278 0.047 0.023 0.274 0.822 0.592
October 25, 2020 TOF [days] 32 17 13 146 1,029 1,412 -
∆V [km/sec] 0.199 0.278 0.047 0.025 0.122 0.672 0.598
EML1 Interior Departure
October 1, 2016 TOF [days] 16 17 14 167 1,578 2,130 -
∆V [km/sec] 0.200 0.252 0.046 0.157 0.273 0.928 0.594
October 9, 2018 TOF [days] 16 17 14 167 1,363 1,781 -
∆V [km/sec] 0.200 0.252 0.046 0.257 0.138 0.892 0.598
October 15, 2020 TOF [days] 16 17 14 167 1,028 1,417 -
∆V [km/sec] 0.200 0.252 0.046 0.008 0.281 0.787 0.591
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6.3.3 Direct Transfers
Manifold paths are not exploited in the third scenario. In this scenario, a maneuver
is applied to depart an EM halo orbit and target an Earth flyby. Sample trajectories
demonstrating an EML1 departure and an EML2 departure appear in Figure 6.10.
The departure trajectories are in gray and follow similar paths to the departure
trajectories exploited in the direct transfers to Mars and Jupiter. The guidelines
to compute a direct transfer are the same as those described in Chapter 4.2.3. The
procedure in the second scenarios, i.e., in the previous chapter, is exploited to compute
the transfer trajectory from the Earth flyby to the asteroid.
For the sample cases, the EMAz value is selected to be equal to 25, 000 km, and
the results are summarized in Table 6.6. The increase in the total ∆V is significant in
this scenario compared to the second scenario. However, the time-of-flight is generally
a few months shorter in this direct transfer scenario. A sample transfer trajectory
from an EML2 halo orbit to the asteroid appears in Figure 6.11. The departure date
is January 2, 2017. The total ∆V is 1.409 km/sec, and the time-of-flight is 2, 066
days. The difference in the velocity between the spacecraft and the asteroid is 599
m/sec. This estimate is a reasonable value compared to 794 m/sec that is estimated
for the Rosetta mission. The gray arc in Figure 6.11(a) is the departure arc computed
in the Earth-Moon system. The Earth flyby altitude is specified at 1, 000 km.
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Figure 6.10. Direct Transfer from Earth-Moon Halo Orbit: EMAz at
25,000 km, EM halo orbits in cyan, Departure paths in gray
Figure 6.11. Direct Transfer from Earth-Moon L2 Halo Orbit to
2006RH120: EMAz at 25,000 km, (a) Transfer trajectory near Earth
(b) Whole transfer trajectory
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Table 6.6. Earth-Moon L2 Direct and L1 Direct Transfers: EMAz =
25,000 km; Leg 1 is from the departure from EM halo to Earth flyby.
Leg 2 is from Earth flyby to ∆V3. Leg 3 is from ∆V3 to ∆V4. Leg 4
is from ∆V4 to 2006RH120.
Departure Date: Metric Leg 1 Leg 2 Leg 3 Leg 4 Total Arrival
EML2 Departure
January 2, 2017 TOF [days] 6 146 1,786 129 2,066 -
∆V [km/sec] 0.928 0.081 0.130 0.270 1.409 0.599
December 11, 2018 TOF [days] 6 145 1,428 156 1,736 -
∆V [km/sec] 0.928 0.081 0.327 0.123 1.459 0.601
December 18, 2020 TOF [days] 6 145 1,033 171 1,355 -
∆V [km/sec] 0.928 0.081 0.046 0.317 1.372 0.567
EML1 Departure
January 1, 2017 TOF [days] 5 144 1,580 305 2,034 -
∆V [km/sec] 0.575 0.112 0.062 0.338 1.086 0.595
January 9, 2019 TOF [days] 5 144 1,366 176 1,690 -
∆V [km/sec] 0.575 0.112 0.011 0.379 1.076 0.586
December 18, 2020 TOF [days] 5 145 1,037 171 1,357 -
∆V [km/sec] 0.575 0.112 0.026 0.296 1.008 0.553
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Table 6.7. EML2 Manifold Transfers with Lunar Flyby: EMAz =
5,000 km; Leg 1 is from the departure from EML2 to the Earth flyby.
Leg 2 is from the Earth flyby to ∆V3. Leg 3 is from ∆V3 to ∆V4. Leg
4 is from ∆V4 to 2006RH120.
Departure Date: Metric Leg 1 Leg 2 Leg 3 Leg 4 Total Arrival
December 18, 2016 TOF [days] 20 146 1,790 134 2,089 -
∆V [km/sec] 0.390 0.097 0.083 0.364 0.934 0.598
December 26, 2018 TOF [days] 20 145 1,358 189 1,712 -
∆V [km/sec] 0.390 0.097 0.027 0.373 0.887 0.548
December 4, 2020 TOF [days] 20 145 1,035 169 1,368 -
∆V [km/sec] 0.390 0.097 0.043 0.321 0.851 0.575
6.3.4 Transfers with Lunar Flyby
A sample trajectory for the fourth scenario appears in Figure 6.7. In this scenario,
EM manifolds are exploited to depart an EM halo orbit. The red arc in the figure is
an EM manifold trajectory and approaches the Moon. Then, a maneuver is applied at
the closest approach to the Moon to target an Earth flyby. The guidelines to compute
a transfer trajectory from the Earth flyby to the asteroid is the same as those in the
third scenario. However, this transfer is not feasible when the EMAz altitude is
selected to be equal to 25, 000 km as in other transfer scenarios due to a large ∆V
requirement. The EMAz selected for the sample case in Figure 6.7 is 5, 000 km, and
additional results are summarized in Table 6.7. However, an additional maneuver at
the departure point along the EM halo orbit enables to depart a larger EM halo orbit
with a feasible ∆V cost [58]. A sample trajectory in Figure 6.13 departs an EML2
halo orbit with a maneuver. A sample trajectory for the EML1 departure appears
in Figure 6.14. The total ∆V costs to accomplish the Earth flyby are the same as
those in the Mars transfer as summarized in Table 6.8. However, the cost shifts if a
different Earth flyby condition is targeted.
114
Figure 6.12. Transfer with Lunar Flyby from Earth-Moon L2: ∆V1 is
applied at a perilune. The Earth-Moon manifold path is in red.
Figure 6.13. Transfer with Lunar Flyby from Earth-Moon L2: ∆V1 is
applied to leave a halo orbit. ∆V2 is applied at a perilune.
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Figure 6.14. Transfer with Lunar Flyby from Earth-Moon L1: ∆V1 is
applied to leave a halo orbit. ∆V2 is applied at a perilune.
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Table 6.8. L1 and L2 Direct Transfers with Lunar Flyby: EMAz =
25,000 km; Leg 1 is from the departure from EM halo to the lunar
flyby. Leg 2 is from the lunar flyby to the Earth flyby. Leg 3 is from
the Earth flyby to ∆V4. Leg 4 is from ∆V4 to ∆V5. Leg 5 is from ∆V5
to 2006RH120.
Departure Date: Metric Leg 1 Leg 2 Leg 3 Leg 4 Leg 5 Total Arrival
EML2 Departure
November 28, 2016 TOF [days] 10 5 166 1,575 313 2,068
∆V [km/sec] 0.079 0.250 0.099 0.055 0.395 0.878 0.594
December 6, 2018 TOF [days] 10 5 166 1,358 0.183 1,721 -
∆V [km/sec] 0.079 0.250 0.099 0.006 0.436 0.870 0.594
December 13, 2020 TOF [days] 10 5 166 1007 178 1,366 -
∆V [km/sec] 0.079 0.250 0.099 0.033 0.316 0.778 0.548
EML1 Departure
December 30, 2016 TOF [days] 2 3 144 1,791 135 2,075 -
∆V [km/sec] 0.230 0.270 0.075 0.106 0.294 0.974 0.598
December 9, 2018 TOF [days] 2 3 144 1,422 149 1,721 -
∆V [km/sec] 0.230 0.270 0.075 0.186 0.058 0.818 0.616
January 16, 2031 TOF [days] 2 3 144 1,037 171 1,358 -
∆V [km/sec] 0.230 0.270 0.075 0.024 0.367 0.966 0.548
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6.3.5 Transition to Higher-Fidelity Model
Results from each transfer scenario are transitioned to a higher-fidelity model.
The higher-fidelity model includes the ephemeris states of Sun, Earth, Moon, and
2006RH120. In addition, these bodies except the asteroid influence the motion of
the spacecraft in the ephemeris model. For each scenario, three sample cases are
constructed in the blended model. Among those three cases, the one with the earliest
departure date is selected for the transition to the higher-fidelity model because the
2006RH120 arrival for the example occurs before May 11, 2023, i.e., the departure
date which Yárnoz et al. suggest for a return trip from a possible 2006RH120 retrieval
mission. Sample results from the ephemeris model are listed in Table 6.9. Departure
dates predicted from the blended model are reasonable estimates for use in the higher-
fidelity model. The differences between the estimated and ephemeris time-of-flight
values are within one month for most of the cases. The total ∆V and values for
the arrival velocity difference generally increase after the transition. However, the
increases are within a few hundred m/sec.
Sample results from an L2 interior transfer scenario appear in Figure 6.15. The
red arc is an Earth-Moon manifold trajectory from the blended model. The rest of
the transfer trajectory from the blended model is represented in black. The trajectory
from the ephemeris model is plotted in magenta. The 2006RH120 orbit is in green.
The results in the 7th and 8th rows in Table 6.9 indicate that the EMAz decreases
from 25, 000 km to 22, 000 km after the transition to the ephemeris model. However,
the magenta trajectory still follows a similar path to the red path in Figure 6.15(a).
Also, the results in the table indicate that the total ∆V value increases nearly 300
m/sec after the transition, but the magenta trajectory is still estimated well by the
the trajectory in the blended model in Figure 6.15(a)-(d).
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Table 6.9. Comparison of Results, Blended Model and Ephemeris:
EMAz for the ephemeris case is the mean of maximum Az values of
the quasi-halo orbit. (*: direct case with an additional maneuver)
# Case EMAz Departure Date TOF ∆V Arrival V Diff.
[km] [day] [km/sec] [km/sec]
1 SE Transfer Blended 25,000 March 28, 2017 1,762 0.795 0.809
2 SE Transfer Ephemeris 25,000 March 28, 2017 1,764 0.772 0.918
3 L2 EM Blended 25,000 November 4, 2016 2,149 0.450 0.498
4 L2 EM Ephemeris 25,000 November 4, 2016 2,124 0.573 0.607
5 L1 EM Ext. Blended 25,000 September 23, 2016 2,129 0.550 0.596
6 L1 EM Ext. Ephemeris 25,000 September 23, 2016 2,098 0.752 0.716
7 L2 EM Int. Blended 25,000 October 15, 2016 2,114 0.924 0.594
8 L2 EM Int. Ephemeris 22,000 October 15, 2016 2,062 1.211 0.777
9 L1 EM Int. Blended 25,000 October 1, 2016 2,130 0.928 0.594
10 L1 EM Int. Ephemeris 25,000 October 1, 2016 2,077 1.225 0.845
11 L2 Direct Blended 25,000 January 2, 2017 2,066 1.409 0.599
12 L2 Direct Ephemeris 27,000 January 2, 2017 2,068 1.645 0.749
13 L1 Direct Blended 25,000 January 1, 2017 2,034 1.076 0.595
14 L1 Direct Ephemeris 25,000 January 1, 2017 2,007 1.232 0.759
15 L2 Lunar Blended 5,000 December 18, 2016 2,089 0.934 0.598
16 L2 Lunar Ephemeris 5,000 December 18, 2016 2,089 1.183 0.572
17 L2 Lunar* Blended 25,000 November 28, 2016 2,068 0.878 0.594
18 L2 Lunar* Ephemeris 25,000 November 28, 2016 2,033 0.955 0.739
19 L1 Lunar* Blended 25,000 December 30, 2016 2,075 0.974 0.598
20 L1 Lunar* Ephemeris 24,000 December 30, 2016 2,065 1.206 0.732
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Figure 6.15. Interior Transfer from EML2 Halo Orbit: EMAz =
25, 000 km. The departure date is October 15, 2016. The trajectory
in the ephemeris model is plotted in magenta.
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7. SUMMARY, CONCLUDING REMARKS, AND
RECOMMENDATIONS
The goal of this investigation is the development of general procedures to design tra-
jectories from Earth-Moon halo orbits to a destination object within the solar system
but beyond the Earth-Moon neighborhood. Computing a transfer from an Earth-
Moon libration point orbit to a destination object requires a complex system model
since, at least, five bodies, i.e., Sun, Earth, Moon, a destination object, and a space-
craft, are involved. In this investigation, a system model is constructed by blending
the Earth-Moon system, the Sun-Earth system, and the ephemeris states of a destina-
tion object. This formulation leverages the knowledge of dynamical systems theory,
e.g., libration point orbits and invariant manifolds. Based on the system model, gen-
eral procedures are developed. In fact, the general process is applicable for the design
of trajectories to multiple destination objects including Mars, Jupiter, and an asteroid
2006RH120, with modifications. Sample trajectories from the blended system model
are transitioned to a higher-fidelity model, and the transitioned results indicate that
the departure dates, the times-of-flight, and ∆V values can be reasonably estimated
in the blended model.
7.1 Development of a System Model
A five-body system, i.e., Sun, Earth, Moon, a destination object, and a spacecraft,
is formulated by blending the Sun-Earth system, the Earth-Moon system, and the
ephemeris states of the destination object. The Earth-Moon and Sun-Earth systems
are blended to construct a three-dimensional model, and the location of the Moon with
respect to the Sun-Earth frame is represented in terms of an Euler angle sequence,
i.e., body-two 3-1-3. This formulation allows the results from the blended model to
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be transitioned to a higher-fidelity model by estimating the ephemeris date from the
Euler angles defined as α, i, and β. The ephemeris date is essential information to
link the ephemeris states of the destination object to the blended Sun-Earth-Moon
model to complete a five-body system model.
7.2 Maneuver-Free Transfers between the Earth-Moon System and the
Sun-Earth System
One of transfer options exploits Sun-Earth manifolds. For this option, one signif-
icant challenge is the computation of transfers from Earth-Moon manifolds to Sun-
Earth manifolds. To successfully compute a transfer, a specific combination of EMAz,
SEAz, α, β, and ψ is necessary. Hence, in this investigation, a general procedure is
developed to search for the specific combinations of the appropriate parameters. A
hyperplane is defined by an angle ψ, and manifold trajectories associated with EM
and SE halo orbits, whose sizes are defined by EMAz and SEAz, respectively, are
propagated to intersect the hyperplane. Then, the states on the hyperplane are pro-
jected onto two dimensional planes to produce phase plots. The general procedure is
developed based on the information from the phase plots, and it is automated. The
automated procedure is sufficiently general to be applied to different transfer types
including EML2 halo orbits to/from SEL2 halo orbits and EML2 halo orbits to/from
SEL1 halo orbits. Sample results from the general procedure indicate that, although
limited, various possible conditions for a maneuver-free transfer exist. In addition,
sample results reveal symmetric features in the conditions between different types of
transfers, e.g., EML2-to-SEL2 transfers and SEL2-to-EML2 transfers.
7.3 Transfer Scenarios: Manifold and Non-Manifold Options
Multiple scenarios are constructed for the transfers from Earth-Moon halo orbits
to a destination object. These scenarios include manifold and non-manifold options.
Amongst these options, the manifold options consist of scenarios exploiting Sun-Earth
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manifolds and Earth-Moon manifolds. The conditions for the SE manifold transfers
are limited since particular conditions are required for EM-to-SE manifold transfers.
Thus, only limited departure dates are available. On the other hand, scenarios with
EM manifolds allows more flexible departure dates. In addition, different types of
transfers, i.e., interior and exterior transfers, are available for the EM manifold trans-
fers. For non-manifold options, a maneuver is applied to leave an Earth-Moon halo
orbit, and the conditions targeted by the maneuver determines a scenario. There are
two targets, i.e., two scenarios. One of the targets is Earth. A maneuver is applied to
satisfy the desired Earth flyby conditions in the Earth-Moon system. In this scenario,
a high ∆V value, e.g., over 900 m/sec for an EML2 departure, is required. Another
target is the Moon. A maneuver is applied to satisfy the desired lunar flyby condi-
tions. In this scenario, the second maneuver is applied to target an Earth flyby. The
exploitation of the lunar flyby reduces the total ∆V value to achieve the desired Earth
flyby conditions in the Earth-Moon system. Key conditions for both EM manifold
transfers and non-manifold transfers to target a destination object are the Earth flyby
conditions in the Sun-Earth system. These conditions are achievable by shifting the
orientation of the Earth-Moon system, i.e., varying the departure date. Generally,
non-manifold options require higher ∆V values and lower time-of-flight values than
the manifold options.
7.4 Development of General Procedures
A general procedure to compute a transfer trajectory for each scenario is devel-
oped. Even though the transfer trajectories are designed in a five-body regime, the
knowledge of the two-body problem, e.g., hyperbolic arcs and Hohmann transfers, is
exploited successfully. In addition, manifold structures from the circular restricted
three-body problem provide unique pathways to a destination object, and the in-
formation from the manifold structures helps simplify the design process. Three
destination objects are selected for the investigation. The first object is Mars. Once
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procedures are developed for Mars transfer scenarios, these procedures are sufficiently
general to be applied to transfers to the second object, Jupiter. Even though Mars
and Jupiter have significant differences in their physical properties, orbital charac-
teristics are very similar except the size of the semi-major axis. Thus, only slight
adjustments due to Jupiter’s much larger semi-major axis are required. For the third
object, a near-Earth asteroid 2006RH120 is selected since near-Earth asteroids are
gaining interest as potential mining sources and destinations for stepping-stone mis-
sions for the further space exploration. From the trajectory design view, 2006RH120
is an interesting destination object due to its orbital characteristics, mainly its semi-
major axis. The size of the semi-major axis is very similar to the one of the Earth’s
orbit. In fact, the orbital period of 2006RH120 is only slightly longer than the Earth’s
orbital period so that the synodic period is nearly 18 years. Thus, possible transfer
paths are strongly dependent on intended departure dates. According to the current
location of the asteroid, it is reasonable to explore the interior region of the Sun-Earth
system to travel to 2006RH120 in the near future. Hence, the trajectory paths are
very different from others in the Mars’ and Jupiter’s scenarios. However, manifold
and non-manifold options remain available and similar scenarios are constructed. The
design procedures require modifications, but general guidelines developed for other
destinations still provide a good baseline. In the 2006RH120 transfer scenarios, a ren-
dezvous with the asteroid is assumed. Thus, the arrival velocity difference is included
to the design parameters.
7.5 Transition to a Higher-Fidelity Model
Sample results from each scenario are transitioned to a higher-fidelity model. In
general, departure dates determined in the blended model are good estimates so that
the transitions based on the estimated departure dates yield similar trajectories in the
ephemeris model. Departure EMAz values and departure dates are maintained after
the transition to the ephemeris model. For Mars transfer scenarios, time-of-flight
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values do not change more than a few days in most scenarios after the transition.
The total ∆V values generally increases by a few hundred m/sec. Similarly, for
Jupiter scenarios, the total ∆V values increase by a few hundred m/sec after the
transition. However, since the total ∆V required for a Jupiter transfer is more than
three times higher, the percent change is much smaller in the Jupiter scenarios. The
total time-of-flight values are influenced by the Jupiter gravity in the ephemeris model.
Generally, the flight time is shorter due to the gravitational pull by Jupiter. For
2006RH120 transfer scenarios, ∆V values are increased by a few hundred m/sec after
the transition. Also, the arrival velocity difference values are increased. However,
most of the values reflecting the velocity difference are within 800 m/sec, that is,
the approximate ∆V budget estimated for the Rosetta mission. In addition, the
time-of-flight values are generally smaller after the transition.
7.6 Recommendations for Future Considerations
In this investigation, knowledge of dynamical systems theory as a design tool is
extended to a five-body system and it is demonstrated that the design tool is still
useful to produce trajectories in the complex system. However, this effort is merely
a first step necessary to master trajectory design in this complex design space. Many
challenges remain in the development of trajectory design strategies.
Even though trajectories computed in the blended model are reasonable estimates,
the increase in the ∆V value after the transition is prominent. It is possible to reduce
the increase by improving the fidelity of the blended model, but the change in the
model complicates the design process. Thus, further investigation of the trade-offs
potentially available via the model improvement is necessary. An alternative solu-
tion is to improve the transition process. In this investigation, sample results from
the blended model are transitioned to a higher-fidelity model via an existing Purdue
software, i.e., Generator. Even though Generator is equipped with the necessary func-
tions, e.g., constraining certain conditions, the transition process is still nontrivial,
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especially for the long trajectories since errors along a trajectory in the blended model
are accumulated over time due to the model inaccuracy. It is desirable if both the
blended model and the higher-fidelity model are available during the design process
to avoid accumulating a large error. Hence, new design processes exploiting both
models are yet to be developed.
Sample results presented in this investigation are not optimized. However, any
type of optimization strategy can be integrated into the general procedures. Since
the blended model does not perfectly represent the higher-fidelity model to estimate
a trajectory, reducing a few dozen m/sec of ∆V in the blended model may not affect
greatly the final trajectory in the higher-fidelity model. Thus, the trade-offs must be
investigated. Most likely, implementing an optimization scheme in the higher-fidelity
model is desirable.
Only impulsive maneuvers are exploited in this investigation. However, a growing
number of researchers are interested in trajectory design with a low thrust propulsion
system and a solar sail. Thus, the development of general procedures exploiting these
maneuver schemes is also warranted. The implementation of such propulsion schemes
requires a major modification to the procedures since the model and dynamics become
more complex. It is a challenging problem, but the development of a suitable strategy
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